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ABSTRACT 
Co-simulation is an effective way to predict the dynamics of complex 
engineering setups, in which the main system is divided into subsystems. 
Each subsystem is integrated by a particular solver, and the coordination 
of these simulation units is coordinated by means of the exchange of lim
ited amounts of information at specific points in time. This enables the 
implementation of modular computing environments, but it often introdu
ces numerical errors in the solution that deteriorate the quality of the 
results and may eventually lead to the instability of the integration. 
Implicit co-simulation schemes remove these errors by iterating over each 
step. In explicit co-simulation setups this is not possible and alternative sol
utions are necessary. This work presents a data-driven approach to predict 
subsystem dynamics in explicit co-simulation setups, aimed at mitigating 
the energy errors introduced by the discrete-time co-simulation interface. 
The proposed solution only uses information contained in the coupling 
variables exchanged between subsystems and does not need knowledge 
of their internal details. The method has been tested with nonlinear and 
multirate benchmark problems. Results confirmed the ability of the pro
posed solution to remove numerical errors caused by the coupling inter
face and improve the accuracy and stability of the co-simulation of the 
overall system dynamics.
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1. Introduction

Simulation is currently a widespread and valuable tool in product development cycles, used to 
reduce costs and shorten the time lapse between conceptualization and market release. Multibody 
system dynamics, in particular, is a field of Mechanics that has experienced sustained growth in 
recent decades due to improvements in computer hardware and the formulation of novel meth
ods to address the simulation of a wide range of phenomena (such as flexibility (Bauchau 2011; 
Gerstmayr 2024), contacts, and friction (Anitescu and Tasora 2010; Flores, Ambr�osio, and 
Lankarani 2023; Wojtyra, PeRkal, and Frączek 2020)), to optimize and control mechanical systems 
(L�opez Varela, Dopico Dopico, and Luaces Fern�andez 2023; Maciąg, Malczyk, and Frączek 2020; 
Pikuli�nski and Malczyk 2021), and to use computational resources to boost efficiency (Malczyk 
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et al. 2019). Nowadays, multibody dynamics software is expected to deal with complex engineer
ing systems including multiphysics effects while performing in the most efficient way possible. 
Co-simulation offers a response to this need, enabling the coupling of component-level simulation 
from different domains and the distribution of computing tasks over a network of resources (Hu 
et al. 2022; Olivier, Verlinden, and Kouroussis 2022).

Co-simulation environments are simulation setups in which two or more dynamic solvers are 
interfaced through the exchange of a limited set of variables at specific communication points in 
time (Gonz�alez et al. 2011). The integration of the dynamics of each solver during a macro-step, 
i.e., between two consecutive communication points, proceeds without further input from the rest 
of the environment, which increases the modularity of the simulation but, at the same time, 
makes it necessary to coordinate the different subsystems and to ensure the consistency of their 
results. This coordination can be achieved iterating the integration of the dynamics of each sub
system between communication points until convergence is reached, in an implicit co-simulation 
scheme. In some applications, however, it is impossible to follow this approach, because some 
subsystems cannot reset their internal state and go back to a past instant in time to restart their 
integration, or because the time available to carry out numerical computations is limited. This is 
the case, for instance, of cyber-physical devices, in which at least one subsystem is a hardware 
device (Glumac et al. 2022). In these situations, explicit co-simulation schemes that evaluate each 
macro-step only once are mandatory.

Implicit schemes are often more stable and accurate than their explicit counterparts (K€ubler 
and Schiehlen 2000; Schweizer, Li, and Lu 2015). The latter frequently require that at least some 
subsystems perform an internal input extrapolation, which results in discontinuities at the co- 
simulation interface (Rodr�ıguez et al. 2022). This gives rise to the introduction of errors in the 
energy balance of the overall system and degrades the performance of the numerical integration, 
leading to inaccurate results and instability in extreme cases. Selecting appropriate extrapolation 
methods is a possible way to handle this problem (Ben Khaled-El Feki et al. 2017; Rahikainen, 
Gonz�alez, and Naya 2020). In general, this is not straightforward, because the selection depends 
on the overall system properties and the numerical methods used to integrate the subsystems 
(Nopour et al. 2024). Moreover, extrapolation does not take into account the dynamics of the sys
tem under study, and it is difficult to assess how closely it represents its actual behavior. 
Adjusting the macro step-size to minimize the impact of energy losses at the interface is another 
solution (Sadjina et al. 2017), although its use is complicated if the step-size is fixed by the 
requirements of some components, as it may happen in Hardware-in-the-Loop environments. To 
overcome this limitation in real-time setups, alternative methods based on the introduction of 
corrections in the coupling variables have been proposed (Benedikt et al. 2013). These corrective 
actions can be based on direct energy measurements from the coupling variables (Rodr�ıguez et al. 
2022) or the definition of control schemes, sometimes with additional knowledge of the subsys
tem internals (Chen et al. 2021; Tamellin et al. 2022). The need for such explicit co-simulation 
corrections has been confirmed in the simulation of hydraulically actuated machinery (Peiret, 
Gonz�alez, et al. 2020), electromechanical systems (Eguillon, Lacabanne, and Tromeur-Dervout 
2022), robotics problems (Peiret, Gonz�alez, et al. 2020; Raoofian, Dai, and K€ovecses 2024), and 
flexible multibody dynamics (Dai et al. 2024), among other applications of industrial interest.

The availability of information about the implementation details of the subsystems enables the 
control and removal of errors in explicit co-simulation. It is desirable, however, to put forward 
solutions that rely exclusively on the coupling variables exchanged through the co-simulation 
interface. These can be applied without modifications to diverse kinds of problems and can still 
be used even if descriptions of the subsystem dynamics do not exist or are not disclosed to the 
co-simulation environment. This is a common situation in cyber-physical setups, or when intel
lectual property rights motivate the treatment of some subsystems as black boxes.
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The critical challenge in system identification is discovering dynamics from data and finding 
data-driven representations that make nonlinear systems amenable to linear analysis. The 
dynamic mode decomposition (DMD) (Schmid 2022), originated from fluid mechanics, seems to 
be a highly versatile and powerful approach to discovering dynamics from time-series recordings, 
numerical simulations, and experimental data. The DMD is an equation-free, data-driven 
approach that finds dynamical models useful for short-time future state prediction and control of 
nonlinear system dynamics (Kaiser, Kutz, and Brunton 2021; Proctor, Brunton, and Kutz 2016). 
It is shown in the state–of–the–art that DMD is connected to the underlying nonlinear system 
dynamics through the infinite-dimensional Koopman operator, for which finite-dimensional approxi
mations in terms of modes are numerically sought. A vital benefit of the DMD framework and its 
variety of extensions, as an identification approach built entirely on measurement data, is the simple 
formulation of techniques well-known from linear algebra. As far as multibody and robotics fields are 
concerned, there are some successful DMD-based applications (Berger et al. 2015; Bruder et al. 2021; 
Folkestad, Pastor, and Burdick 2020) to learn a robotic system’s nonlinear dynamics and subsequently 
apply a control strategy for given tasks. To the best of the authors’ knowledge, the DMD approach 
has not been used in the co-simulation setups where one solver evaluates multibody equations of 
motion. The observation highly motivates further work in this area.

In this work, we present a data-driven strategy to improve the accuracy and stability of the 
explicit co-simulation of multibody systems that extracts information from the coupling variables 
handled at the co-simulation interface. The proposed approach replaces input extrapolation 
within selected subsystems with a data-driven prediction of the evolution of the coupling varia
bles that they receive as inputs during a macro step-size. The method is conceptually similar to 
the reduced interface model introduced in Peiret et al. (2018) and Peiret, Gonz�alez, et al. (2020), 
but does not need a description of the dynamics of the subsystem that provides the input values. 
Instead, the data conveyed via the coupling variables are processed by means of dynamic mode 
decomposition (DMD) to infer the behavior of that subsystem.

The proposed method has been tested in the explicit co-simulation of mechanical systems, 
including nonlinear multibody systems and multiphysics assemblies in multirate co-simulation 
setups. Results confirmed that, in subsystems subjected to direct feedthrough, the proposed 
method improved the accuracy of the co-simulation, bringing the outcomes closer to theoretical 
predictions and those obtained from monolithic simulation runs. Additionally, the method dem
onstrated its capability to stabilize co-simulation problems that would otherwise become unstable 
when constant input extrapolation was employed.

2. Data-driven inference of subsystem dynamics

In this paper, we put forward a data-driven framework to improve co-simulation accuracy. We 
first provide an introduction to the numerical issues of explicit co-simulation, and then we show 
how to use DMD to infer subsystem dynamics and address these issues.

2.1. Numerical issues in explicit co-simulation

The numerical issues that affect explicit co-simulation setups have often been illustrated with a linear 
oscillator in the co-simulation literature, e.g. (Gonz�alez et al. 2011; Schweizer, Li, and Lu 2015; Zhang 
et al. 2022), like the one shown in Fig. 1 following a force-displacement arrangement.

With the selected coupling configuration, subsystem S1 is subjected to direct feedthrough. The 
impact of direct feedthrough on co-simulation depends on the coupling arrangement selected to 
interface the manager and the subsystems. In a parallel explicit co-simulation scheme, this leads 
to a degradation of the results (Arnold, Clauss, and Schierz 2013) and introduces artificial energy 
in the integration of the system dynamics (Rodr�ıguez et al. 2022).
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The double linear oscillator in Fig. 1 has been used in the literature to confirm that the use of 
approximated input values degrades the accuracy of the co-simulation results, which may lead to 
unstable behavior in extreme cases, e.g. (Rodr�ıguez et al. 2022; Sadjina et al. 2017; Tamellin et al. 
2022). Figure 2 compares the mechanical energy obtained during a 10-s co-simulation of the sys
tem motion following a single-rate explicit Jacobi scheme, to the results delivered by its mono
lithic counterpart. In both cases, the system damping was set to zero and a semi-implicit forward 
Euler integration formula was used with a step-size h ¼ 1 ms: The oscillator parameters were set 
to m1 ¼ m2 ¼ 1 kg, k1 ¼ 10 N=m, kc ¼ 100 N=m, and k2 ¼ 1000 N=m: The initial conditions of 
the simulation were x1 ¼ x2 ¼ 0, _x1 ¼ 100 m=s, and _x2 ¼ −100 m=s: It can be shown that, under 
the same conditions, a single-rate displacement-displacement Jacobi co-simulation without direct 
feedthrough delivers the same results as the monolithic integration.

The errors in the mechanical energy shown in Fig. 2 translate as well into inaccurate predic
tions of the system motion. The use of higher-order extrapolation, e.g., first-order hold (FOH) or 
second-order hold (SOH) to approximate the unknown subsystem inputs may alleviate in some 
cases the errors introduced at the co-simulation interface. However, it is difficult to predict its 
impact on the accuracy of the results and it often requires a preliminary tuning stage to deter
mine appropriate co-simulation configurations, which stems from the fact that extrapolation is 
not directly based on the actual system dynamics (Rahikainen, Gonz�alez, and Naya 2020).

Figure 1. A linear oscillator co-simulated according to a force-displacement scheme.

Figure 2. Mechanical energy during the simulation of a 10-s motion of the linear oscillator.
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2.2. DMD For explicit co-simulation

We provide next a data-driven framework to infer subsystem dynamics in explicit co-simulation 
environments to make the co-simulation much less vulnerable to numerical errors, e.g., ensuring 
the overall energy balance of the simulation. Specifically, we use Dynamic Mode Decomposition 
(DMD) (Proctor, Brunton, and Kutz 2016) to extract local-linear models within one subsystem 
out of another subsystem input-output characteristics. This enables a physics-based prediction of 
input ukþ1 prior to the evaluation and return of ykþ1, which can be used to address the numerical 
issues described in Sec. 2.1. Figure 3 illustrates the concept in its application to the linear oscilla
tor in a force-displacement co-simulation setup. Subsystem S1 needs input u1 ¼ x2 to correctly 
evaluate its output y1 ¼ f c, the coupling force between the masses, and so is subjected to direct 
feedthrough. By means of DMD, the dynamics of subsystem S2 is inferred within S1 using the 
time-history of coupling variables exchanged between both subsystems. The availability of an 
inferred model of the dynamics of S2 makes it possible for subsystem S1 to predict the input 
that should be received at the final communication point during each macro-step, and so use it 
to calculate and return a more accurate value of the coupling force f c:

The proposed method is similar to the use of reduced interface models (RIM) presented in Peiret 
et al. (2018) and Peiret, Gonz�alez, et al. (2020), because both approaches synthesize dynamics models 
that are used as physics-based auxiliary tools to improve the determination of subsystem inputs. 
However, there exist important differences between them. First, while RIMs were initially designed to 
enter the co-simulation environment as additional subsystems, the inferred models here presented are 
implemented inside the computational description of a subsystem with direct feedthrough, although 
they could also be implemented as standalone subsystems in multirate schemes. Second, and most 
important, building the inferred model does not require an explicit knowledge of the dynamics of the 
subsystem that they represent, as it is generated only from the information conveyed by the coupling 
variables exchanged through the co-simulation interface.

2.3. Windowed DMD algorithm

The DMD technique extracts the relationships between pairs of state measurement data bx 
received from a subsystem and input (actuation) signals bu submitted to the same subsystem. The 
discrete state-space representation of a linear system with p inputs and n state variables is written 
in the following form:

bxkþ1 ¼ Akbxk þ Bkbuk ¼ Ak Bk
� �

� bzk and bzk ¼
bxk
buk

� �

, (1) 

where bxk 2 R
n is the state vector, buk 2 R

p is the input vector. Moreover, Ak 2 R
n�n is the state 

matrix and Bk 2 R
n�p is the input matrix at step k. In the following paragraphs, we use the sym

bol byk to denote the state bxkþ1 in the next time instant, i.e., byk ¼ bxkþ1:

Figure 3. A two-degree-of-freedom linear oscillator (force-displacement coupling scheme) and inferred subsystem dynamics.
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The discrete linear subsystem dynamics (1) can be generalized to take into account data snapshots:

bYk � AkbXk þ BkbUk ¼ Ak Bk
� �

� bZk and bZk ¼
bXk

bUk

" #

, (2) 

where the data matrices can be arranged as follows:

bXk ¼

j j j

bxk−wþ1 bxk−wþ2 ::: bxk

j j j

2

6
6
4

3

7
7
5, bUk ¼

j j j

buk−wþ1 buk−wþ2 ::: buk

j j j

2

6
6
4

3

7
7
5

bYk ¼

j j j

bxk−wþ2 bxk−wþ3 ::: bxkþ1

j j j

2

6
4

3

7
5 ¼

j j j

byk−wþ1 byk−wþ2 ::: byk

j j j

2

6
4

3

7
5: (3) 

The quantities bXk, bUk, and bYk are snapshot matrices. We use a sliding window of size w con
taining the most recent snapshots to identify the subsystem dynamics. Each iteration of the algo
rithm consists of two steps, namely updating and downdating. The former takes into account the 
current snapshot ðbzkþ1,bykþ1Þ, and the latter removes the effect of the old data samples 
ðbzk−wþ1,byk−wþ1Þ, which run out of the sliding window of size w. The process has been presented 
in Fig. 4.

The DMD is focused on finding best-fit approximations Sk ¼ Ak Bk
� �

to the unknown state 
and input matrices out of a sequence of state and control inputs (Proctor, Brunton, and Kutz 
2016). A least-squares solution can be found by solving the following optimization problem:

Sk ¼ argmin
Ak Bk
� �

�
�
�bYk − Ak Bk

� �
bZk

�
�
�

F
¼ bYkbZ†

k ¼
bYkbZ>k ðbZkbZ>k Þ

−1, (4) 

where jj:jjF is the Frobenius norm and bZ†
k ¼

bZ>k ðbZkbZ>k Þ
−1 is the minimum-norm solution and the 

symbol † denotes pseudo-inverse. The employed data-driven method requires only snapshots of 
state and actuation data collected in the co-simulation framework. Having the inferred model in 

Figure 4. Recursive least-squares model discovery – windowed setup.
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terms of Ak and Bk matrices helps to keep the numerical errors resulting from the co-simulation 
under control.

2.4. Recursive formulation

The algorithm for the inference of subsystem dynamics in the co-simulation framework can be imple
mented in the global form expressed in eq. (4). The idea is to slide a “window” containing only the 
most recent data measurements and recover subsystem dynamics in the form of Ak and Bk matrices. 
In this section, we discuss an alternative method (adapted from (Zhang et al. 2019)) that heavily 
exploits the recursive least-squares approach to reduce memory requirements in the solution process. 

Let us assume that at time k we have access to past snapshot pairs ðbzj,byjÞ
n ok

j¼k−wþ1 
organized in a 

manner shown in Fig. 4:

bYk ¼

j j j

byk−wþ1 byk−wþ2 ::: byk
j j j

2

6
4

3

7
5, bZk ¼

j j j

bzk−wþ1 bzk−wþ2 ::: bzk

j j j

2

6
4

3

7
5: (5) 

We consider minimizing the following cost function Jk (cf. eq. (4)):

JkðSkÞ ¼
Xk

i¼k−wþ1
jjbyi − Skbzijj

2
¼ jjbYk − SkbZkjj

2
F: (6) 

The objective function (6) can be extended in several ways (Pikuli�nski, Malczyk, and Aarts 
2025), e.g., by adding appropriate penalty parameters that improve the numerical robustness and 
conditioning of the formulation or by performing sparsity-promoting regression on a library of 
carefully selected basis functions (Pikuli�nski and Malczyk 2024). The process of updating takes 
new information at time kþ 1 to generate a matrix S0kþ1 that maps the dataset bZ0kþ1 ¼ bZk bzkþ1

h i

into bY0kþ1 ¼ bYk bykþ1

h i
: The strategy starts with the observation that Sk in eq. (4) can be decom

posed into a product of two matrices Qk and Pk given by

Qk ¼ bYkbZ>k , (7) 

Pk ¼ ðbZkbZ>k Þ
−1, (8) 

The matrix bZk should be of full rank to guarantee the existence of Pk: In this case Pk is sym
metric and strictly positive definite. We wish to compute S0kþ1 ¼ Q0kþ1P0kþ1: The quantities Q0kþ1, 
P0kþ1 correspond to the matrices Qk and Pk:

Q0kþ1 ¼
bY0kþ1

bZ0>kþ1 ¼ bYk bykþ1

h i
� bZk bzkþ1

h i>
¼ Qk þ bykþ1bz

>
kþ1: (9) 

Similarly, we came up with the following formula:

P0kþ1
� �−1

¼ bZ0kþ1
bZ0Tkþ1 ¼ bZk bzkþ1

h i
� bZk bzkþ1

h iT
¼ P−1

k þ bzkþ1bzT
kþ1: (10) 

The formulas (9) and (10) allow to calculate a subsystem model Skþ1 at time kþ 1 in the 
form:

Skþ1 ¼ Q0kþ1P0kþ1 ¼ Qk þ bykþ1bz
>
kþ1

� �

� P−1
k þ bzkþ1bzT

kþ1

� �−1
: (11) 
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The recursive formula that updates Qkþ1 from Qk is directly available. Finding Pkþ1 from Pk 
requires computing the inverse directly. To do that, we employ the Sherman-Morrison matrix 
inversion formula (Golub and van Loan 2013) (i.e., ðAþ bcTÞ

−1
¼ A−1 − A−1bcT A−1

1þcT A−1b for outer prod
uct of two column vectors b and c and 1þ cTAb 6¼ 0), to get:

P0kþ1 ¼
bZ0kþ1

bZ0>kþ1

� �−1
¼ P−1

k þ bzkþ1bz>kþ1

� �−1
¼ Pk − c0kþ1Pkbzkþ1bz>kþ1Pk, (12) 

where

c0kþ1 ¼
1

1þbzT
kþ1Pkbzkþ1

: (13) 

Ultimately, the update formula can be viewed as:

S0kþ1 ¼ Sk þ c0kþ1 bykþ1 − Skbzkþ1
� �

bz>kþ1Pk: (14) 

The formula (14) shows the updated model Skþ1 as a sum of the previous model Sk and a cor
rection term. Now, we start the downdating process, which removes the oldest snapshot pair 
ðbyk−wþ1,bzk−wþ1Þ from the sliding window of length w. At step kþ 1, we need to compute a 
matrix Skþ1 ¼ Qkþ1Pkþ1 that corresponds to the matrices Q0kþ1 and P0kþ1 evaluated in the updat
ing step. Let us define the matrices based on scaled snapshots that exclude the oldest snapshot 
pair:

bYkþ1 ¼

j j j

byk−wþ2 byk−wþ3 ::: bykþ1
j j j

2

6
4

3

7
5, bZkþ1 ¼

j j j

bzk−wþ2 bzk−wþ2 ::: bzkþ1

j j j

2

6
4

3

7
5: (15) 

Then, we should write the following relation for Qkþ1:

Qkþ1 ¼ bYkþ1bZT
kþ1 ¼ Q0kþ1 − byk−wþ1bz

T
k−wþ1: (16) 

The matrix Pkþ1 can be evaluated by using the mentioned Sherman-Morrison formula, to get:

Pkþ1 ¼ bZkþ1bZT
kþ1

� �−1
¼ ðP0kþ1Þ

−1 −bzk−wþ1bzT
k−wþ1

� �−1

¼ P0kþ1 − ckþ1P0kþ1bzk−wþ1bzT
k−wþ1P0kþ1,

(17) 

and

ckþ1 ¼
−1

1 −bzT
k−wþ1P0kþ1bzk−wþ1

: (18) 

Finally, the derivation leads to the following update formula:

Skþ1 ¼ S0kþ1 þ ckþ1ðbykþ1 − S0kþ1bzkþ1ÞbzT
kþ1P0kþ1: (19) 

An algorithmic summary of how the windowed version of DMD is used in co-simulation is 
provided below. Its application within the Jacobi scheme is illustrated in Fig. 5 and discussed in 
detail further.

1. Collect w snapshot pairs ðbzj,byjÞ, j ¼ 1, :::, w (where window length is large enough; until then 
use, e.g., ZOH extrapolation) and bZk defined in (5) is full row rank.

2. Initialize Pk and Sk in a batch processing mode (see Sec. 2.3).
3. When a new snapshot pair ðbzkþ1,bykþ1Þ becomes available execute the following steps:
a. Perform the updating step and use (9), (12) to calculate Q0kþ1 and P0kþ1:

b. Calculate the update S0kþ1 by taking (14).
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c. If w is increasing, Qkþ1 ¼ Q0kþ1, Pkþ1 ¼ P0kþ1, Skþ1 ¼ S0kþ1 and skip to (3f).
d. Perform the downdating step and use (16), (17) to calculate Qkþ1 and Pkþ1:

e. Calculate the update Skþ1 by taking (19).
f. Predict exkþ3 ¼ eykþ2 � Skþ1bzkþ2, where bzkþ2 ¼ bxT

kþ2 bu
T
kþ2

� �T
:

Figure 5 illustrates the co-simulation based on the explicit Jacobi scheme involving two sys
tems, S1 and S2: The co-simulation begins at time t1, with subsequent time steps depicted by 
grey vertical lines to aid referencing. To briefly recap the integration scheme – at each step, the 
co-simulation manager sends inputs (u1, u2) to the subsystems, which then perform local integra
tion and return outputs (y1, y2) back to the manager as designed in the interface. We assume the 
presence of a direct feedthrough, such that y1 at 8j2N tj depends on the information u1 that is 
received at tjþ1 block.

Within subsystem S1, a windowed DMD is employed to infer the dynamics of S2 and predict 
u1 before sending back y1 – similar as in the proposed preliminary concept in Sec. 2.2 (Fig. 3). 
The inferred model of S2 is denoted by eS2, and DMD-related operations are highlighted in the 
upper section of the figure. Although data collection is explicitly shown only for the initial steps, 
it is performed throughout the whole co-simulation.

At time t1, bz1 is collected 1: bx1 (representing u1) is received from the co-simulation manager, 
and bu1 (initial input for S2 treated as y1) is assumed known. After local integration but before 
the communication point, y1 (corresponding to bu1) is computed 2 – typically using a ZOH 
extrapolation of u2: Upon receiving u1 (t2), by1 ¼ bx2 becomes available, enabling also the construc
tion of bz2:

As per Step 1 of the algorithm, pure data collection continues until w snapshot pairs are gath
ered and the matrix bZk, defined in (5), becomes full row rank. Once this condition is met, the 
inferred model Sk is found following Step 2 of the algorithm 3. From this point onward, only the 
modeling operations are highlighted in Fig. 5. Further, the computation of y1 may utilize the pre
dicted u1, i.e., exkþ2 4, found with the inferred model.

Upon receipt of the actual u1, a new data pair ðbzkþ1, bykþ1Þ becomes available. The model Sk is 
then updated to Skþ1 5 as specified in Steps 3(a) − 3(e) of the algorithm. This enables the next 
prediction of u1 according to Step 3(f).

Figure 5. Data collection and modeling operations involved integrating two systems using the Jacobi scheme. Within the S1 
system solver, the model of the S2 system is constructed (eS2).
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3. Examples and results

This section demonstrates and discusses the results of implementing the proposed method for 
aiding co-simulation solution accuracy. We present three exemplary co-simulation problems, 
starting with a well-established co-simulation benchmark – oscillatory system (Sec. 3.1), which 
has already been introduced in Sec. 2.1. Then, we co-simulate a system containing a coupling 
between multi-degree-of-freedom parts in Sec. 3.2. Finally, a nonlinear system with a hydraulic 
part that requires the use of a multi-rate coupling scheme is presented in Sec. 3.3.

The examples have been implemented in Matlab, and all use a semi-implicit forward Euler 
integration formula. The co-simulation implementation follows the explicit Jacobi scheme, and its 
results are compared to a monolithic formulation counterpart. Each case utilizes the windowed 
version of the DMD algorithm to enhance the model’s validity at a given step.

3.1. Two-mass oscillator

Our most basic test case for evaluating the proposed method is a double spring-mass oscillator 
introduced in Sec. 2.1. Two versions were used – a conventional one with linear characteristics, 
and another one with nonlinear springs. As mentioned, the direct feedthrough issue impacts the 
computation of the subsystems S1

0s output, i.e., y1: This issue arises because the subsystem can 
only approximate the outputting coupling force at the end of a macro-step, f cðtkþ1Þ, because the 
value of the spring displacement x2ðtkþ1Þ, on which the coupling force directly depends, remains 
unknown at this stage.

To improve the approximation, we infer the dynamics model of the rest of the system from 
the perspective of subsystem S1: This model is built based on the interface variables, whose time 
history, coinciding with the co-simulation nomenclature, renders input-output characteristics. In 
other words, we develop a model that describes the dynamics of the system’s part, where the 
input signal bu is the output from S1 – y1, and the output bx is the input sent from the manager 
to subsystem S1 – u1, see Fig. 3.

Examining the physical meaning of these coupling variables, where the input to the modeled 
system is the coupling force f c

1 and the output is the position nc
1 of the mass in subsystem S2, it 

is seen that, essentially, we build a model of subsystem S2 within S1, as presented in Fig. 3 from 
Sec. 2.3. It will not always be true, as the co-simulation manager might modify the coupling vari
ables, i.e., f c

1 6¼ f c
2 and nc

1 6¼ nc
2: However, in this particular setting, we assume the manager passes 

the variables unmodified.
Following the above interpretation and derivations in Sec. 2.3, we build and update a linear 

model S1
k such that

nc
kþ1

_nc
kþ1

" #

¼ S1
k

nc
k

_nc
k

f c
k

2

6
6
4

3

7
7
5, (20) 

where we change the subscripts to indicate the k − th step at which the measurements, model, 
and predictions are taken or valid. As presented in Sec. 2.4, the model matrix S1

k is updated 
whenever a new snapshot pair is available. The current method assumes an arbitrary window 
length choice. For this example, we have chosen w ¼ 100, which comes from a qualitative inspec
tion of normalized mean squared error (NMSE) on positions of the subsystems for different win
dow lengths when one of the springs is nonlinear. For an entirely linear case, the window length 
w was found to have little to no impact on the quality of the results as far as its value veri
fies w � 4:
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Before further interpretation, let us establish a definition of NMSE as follows

NMSE ¼
1
s

Xs

i¼1

Xl

j¼1

�2
i,j

r2
j

, (21) 

where s is the number of elements represented by position-level coordinates (for the discussed 
system, s ¼ 2), l is the number of prediction/measurement pairs used in the analysis, �i,j is the 
error between the monolithic and the co-simulated solutions for the i-th element at j-th step, and 
rj is the standard deviation of the j-th position solved with the monolithic approach – the posi
tion to which the co-simulation should ideally converge.

In Fig. 6, the NMSE is presented as a function of the window length w. The error value 
decreases significantly up to a window length of w ¼ 100: Beyond this point, changes in the error 
value become negligible, reflecting a general exponential decay characteristic of the error (illus
trated by a red dashed line, which is an exponential function fitted to the observed results). 
However, the function is not strictly monotonic, and even relatively small window lengths (e.g., 
around 5) can yield reasonable results.

However, in practical applications, such an investigation could be cumbersome. Therefore, it is 
necessary to implement automatic criteria for deciding the window length. Although we do not 
include this extension in the proposed method, its implementation is straightforward due to the 
other procedure we use.

Initially, the proposed method gradually extends the window size w, starting from its minimal 
size w ¼ 2, in a soft start procedure. This approach is based on the need to collect sufficient 
snapshots before using the full assumed window size (e.g., w ¼ 100). If only the standard ZOH 
extrapolation is used until enough data is collected, the solution can diverge from the monolithic 
solution and may not converge once the DMD procedure begins refined predictions (see Fig. 7). 
Hence, the soft start method builds models even with only 2 data snapshots, gradually extending 
the window as new measurements arrive until the target window size is reached. Until these 2 
data snapshots are collected, the ZOH extrapolation is used.

3.1.1. Linear oscillator
If all springs in the example are linear, the model inferred inside the S1 subsystem becomes an 
exact representation of S2: The dynamics of subsystem S2 can be described as follows

Figure 6. Normalized mean squared error (NMSE) of position as a function of the window length w with an additional exponen
tial curve fitted (nonlinear case).
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m2€nc
1 ¼ −f c

1 − k2n
c
1, (22) 

where assumptions nc
1 ¼ nc

2 ¼ nc and f c
1 ¼ −f c

2 were used. Further, changing the subscripts into 
step-number based k indices and inserting (22) into the integration scheme,

nc
kþ1 ¼ nc

k þ h _nc
kþ1

_nc
kþ1 ¼

_nc
k þ h€nc

k
(23) 

we can find an explicit formula for the model S2

eS2 ¼

1 −
h2k2

m2
h −

h2

m2

−
hk2

m2
1 −

h
m2

2

6
6
6
4

3

7
7
7
5
¼

0:9000 0:0100 −0:0001
−10:0000 1:0000 −0:0100

� �

, (24) 

where values shown in Table 1 were used to compute its numerical form. As highlighted in the 
introductory sentence, the DMD procedure finds exactly the same values for S2 as in eS2: The 
exact representation is obtained after collecting 3 snapshot pairs. Since the model is linear and 
the measurements are noise-free, this aligns with the fact that the bZ3 is full rank by then.

This compliance is also verifiable by comparing the energy preservation in the system (refer to 
Sec. 2.1 for details on the system’s conservativeness). Figure 8 provides a detailed view of the 
time history of the entire system’s energy between 1 s and 2 s: A broader perspective, covering 
the entire 10 s simulation, is presented in Fig. 9, showing the relative error of different co- 
simulation methods compared to the monolithic solution. When the proposed approach is used 
to predict the incoming value of the other part’s position, the plot overlaps with that of the 
monolithic solution, whereas the co-simulation using ZOH diverges significantly. Such excellent 

Figure 7. Comparison of the windowed DMD with and without soft start procedure implemented based on position of mass 
from the S1 subsystem (linear case).

Table 1. Summary of parameters related to deriving explicit formula for eS2 and 
their values used for the simulation of linear oscillator.

Parameter Value

h 0.01 s
m2 1.00 kg

k2 1000.00 
N
m
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compliance with the monolithic results implies that the proposed method can help avoid issues 
related to direct feedthrough.

Although the system is conservative and its energy should remain constant, some fluctuations 
around a specific value are visible in Fig. 8. However, these fluctuations are the same for both the 
DMD-aided co-simulation and the monolithic solutions. In fact, the oscillation of the energy level 
about its theoretically constant value is a consequence of the use of the symplectic Euler integra
tion formula, which is common to both approaches, and does not stem from the co-simulation 
coupling. This can be easily verified by decreasing the integration step-size, which results in a 
similar reduction of the amplitude of the fluctuation of the energy level for both simulation 
strategies.

3.1.2. Nonlinear oscillator
The DMD expectedly identified the rest of the system in the linear case. Examining how the 
approach performs when the identified part is nonlinear might help gain a complete 

Figure 8. Energy time history in solutions from the monolithic solver, ZOH-based extrapolation co-simulation, and DMD-aided 
prediction co-simulation.

Figure 9. Relative energy error for ZOH-based extrapolation and DMD-aided prediction co-simulation, computed with respect to 
the monolithic solution (linear case).
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understanding. Since we use a sliding-window approach, the method is anticipated to be still 
effective because the linearization point will continually move with the system’s state. The main 
concern here is determining the optimal window length w, as the results vary based on this 
choice, as shown and discussed in Fig. 6.

To introduce nonlinearity, we change the characteristics of the spring connecting mass m2 
with the wall from linear to square root, as depicted in Fig. 10, which results in the following 
force formula

f2 ¼ k2sgnnc
2

ffiffiffiffiffiffiffiffi

nc
2

�
�
�
�

q

: (25) 

Figure 10. Different spring characteristics used in linear and nonlinear cases. The spring connecting mass m2 with the wall is 
either linear or follows a square root.

Figure 11. Comparison of ZOH and DMD-based co-simulation solutions in a nonlinear environment. The position history is plot
ted for subsystem S1:
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Other parameters of the system and the co-simulation remain the same as in the linear case, 
i.e., we use a single-rate scheme with substeps and steps all equal to h ¼ 0:01 s and the window 
length w ¼ 100:

Figure 11 presents a zoom-in view of the time history of the simulated position of the first 
subsystem, S1, after significant differences between the solutions emerge. The results show that 
the DMD-aided co-simulation aligns with the monolithic solution more closely than the standard 
extrapolation approach. However, unlike in the linear case, there are still some discrepancies 
between the co-simulation and the monolithic solution. This observation could motivate further 
research, such as exploring an adaptive choice of window size.

Figure 12 presents a comparison analogous to that in Fig. 9, focusing on the relative energy 
error. The ZOH-based extrapolation approach exhibits characteristics similar to those of the lin
ear case, with the error growing proportionally over time. Compared to the linear spring system, 
the DMD-based approach shows a larger error in the nonlinear case, as already seen in Fig. 11. 
However, the relative energy error remains less than 10% for most of the simulation time.

3.2. Multilink pendula

The two-mass oscillator introduced in Sec. 3.1 was divided into two subsystems, each with a sin
gle degree of freedom. To improve co-simulation accuracy, we employed a DMD framework to 
model subsystem S2 within S1: From the dimensionality perspective, the previous case relied on 

Figure 12. Relative energy error for ZOH-based extrapolation and DMD-aided prediction co-simulation, computed with respect 
to the monolithic solution (nonlinear case).

Figure 13. Scheme of multilink pendula example – single pendulum on the left connected by a spring with the tip of the multi
link pendulum on the right.
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measurements from a one-dimensional subspace to model the dynamics of a single-degree-of- 
freedom body. A natural extension of this approach is to investigate how the proposed method 
performs when inferring a multi-degree-of-freedom model from data obtained through a coupling 
interface operating in a lower-dimensional subspace.

Therefore, in this example, we consider a system of two pendulums, as illustrated in Fig. 13. 
The left-side pendulum, with mass and length m1, l1, respectively, is a single pendulum, which 
along with a coupling linear spring constitutes subsystem S1: Subsystem S2 consists of a multi- 
link pendulum with n links, each with mass m2, … , mnþ1 and length l2, … , lnþ1 (values attached 
in Table 2). Analogously to the two-mass oscillator, subsystem S1 evaluates the coupling force fc 
at the interface, which is received as input by S2 (x, y components). In return, S2 outputs the 
position nnþ1 and velocity n

:

nþ1 of the n-th link’s tip (x and y coordinates) to the co-simulation 
manager.

This coupling introduces a direct feedthrough problem, the consequences of which we aim to 
minimize with the proposed approach. Within subsystem S1, we build a model of subsystem S2, 
maintaining the assumptions outlined in Sec. 3.1, where the co-simulation manager does not 
modify the coupling variables. In summary, based on the coupling force and the tip position and 
velocity, we aim to predict the tip’s state at the next time step. The key challenge distinguishing 
this case is that subsystem S1 does not have full knowledge of the internal dynamics of S2:

Instead, it only observes the pendulum tip’s position through the coupling interface rather than 
the complete configuration of the multi-link pendulum.

We set the initial conditions for the simulation such that the tips of the pendula coincide in a 
horizontal position, with zero velocity and no initial spring elongation. Therefore, at the 

Table 2. Values of the parameters of the multilink pendula system. The lengths 
are choosen such that the pendula’s tips coincide in a horizontal position.

Parameter Value

n 10
L 7.0 m
l1 2.0 m
l2, :::, lnþ1 0.5 m
m1 1.00 kg
m2, :::, mnþ1 0.10 kg

kc 50.0 
N
m

Figure 14. Normalized mean squared error (NMSE) of position as a function of the window length w – minimum not found 
(quadratic curve fitted).

16 M. PIKULIŃSKI ET AL.



beginning, only gravitational forces affect the system. The system is integrated using a constant 
time step of h ¼ 1 ms: Figure 14 presents the NMSE of the position as a function of the sliding 
window length w in the DMD-aided approach. Across the tested range of window lengths, there 
is no clear convergence to a minimum. However, based on the fitted quadratic curve, a general 
trend suggests that the error decreases as the window size increases. We have chosen a window 
size of w ¼ 100 (Fig. 15).

Figure 17 compares the absolute error in total energy between the standard ZOH-based 
extrapolation and the DMD-aided prediction and modeling over a 5-s simulation. The ground 
truth for the error is the energy computed from the monolithic solution of this simulation, which 
remains constant – aside from numerical integration errors – since the investigated system is con
servative. The results show that while the energy error in the ZOH-based solution increases lin
early, the DMD-aided approach maintains a constant energy level.

Moderately surprisingly, despite subsystem S2 not being fully observed from the perspective of 
S1, the DMD framework still produces a useful model that attenuates discrepancies caused by the 
direct feedthrough. The results of this rigid-flexible example are further referred to in the overall 
discussion in Sec. 4.

3.3. Hydraulic manipulator

This example is a two-link manipulator driven by a hydraulic actuator, as depicted in Fig. 16. We 
divide this system into two subsystems: the mechanical subsystem S1, which consists of a link of 
length l1 with a distributed mass m, and a massless link of length l2 with point masses at its ends, 
mass mQ at point Q and mass mR at R in the figure. The second subsystem, S2, pertains to the 
hydraulics, involving a hydraulic actuator with a variable length s coupled with S1 by a revolute 
joint at point P, as well as the other components in the hydraulic circuit, namely a pump, a fluid 
reservoir, and valves. The system works under gravity force g. A detailed description of the 
example and the hydraulics subsystem can be found in Peiret et al. (2018) and Naya et al. (2011), 
respectively. A monolithic formulation that combines hydraulics and dynamics can also be found 
in Naya et al. (2011).

We solve the co-simulation using a force-displacement scheme, where subsystem S1 outputs 
the length s and rate _s of the actuator, equivalent to position and velocity of point P, and subsys
tem S2 outputs the magnitude f a of the force exerted at this point by the actuator.

Figure 15. Energy error for ZOH-based extrapolation and DMD-aided prediction co-simulation, computed with respect to the 
monolithic solution.
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This choice, although convenient, raises the problem of direct feedthrough. Therefore, we pro
pose to infer the dynamics of the rest of the system from the perspective of the hydraulic subsys
tem S2: In this context, it can also be interpreted as modeling the dynamics of subsystem S1 
based on observable variables related to the coupling point P: The ultimate goal is to predict the 
next state skþ1, _skþ1 of point P based on its current state sk, _sk and the force f a

k applied by the 
actuator, with subscripts introduced to denote the step number. Further derivations of the system 
dynamics will more formally illustrate why this co-simulation case falls into a direct feedthrough 
issue.

The configuration of the system can be described by a set of independent generalized coordi
nates q ¼ h1 h2½ �

T
: However, for convenience, we describe the dynamics of this system using a 

dependent set of coordinates x, which extends the independent set to x ¼ h1 h2 xP yP½ �
T
: This 

approach explicitly defines the coordinates of point P – xP and yP:

The system is controlled by adjusting the position j of the spool in a hydraulic control valve. 
We discuss two control profiles – a sinusoidal one and a non-smooth one, as shown in Fig. 17. 
Both profiles start with a value of jt¼0, which is chosen such that the force produced by the actu
ator keeps the system in static equilibrium for the initial configuration qt¼0 ¼ h1, t¼0 h2, t¼0½ �

T
:

Figure 16. Scheme of the hydraulic manipulator consisting of two links with lengths l1 and l2, driven by an hydraulic actuator 
with variable length s.

Figure 17. Control signals used for simulations – sinusoidal signal and non-smooth one. These represent spool displacement in 
a control valve of the actuator.
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The dynamics equations can be written as

Mx:: ¼ f þ fa þ
@U

@x

T
k, (26) 

U ¼
l1 cos h1 − 2xP

l2 sin h1 − 2yP

" #

¼ 0, (27) 

where M is the mass matrix, fa represents forces exerted by the actuator, f contains the Coriolis, 
centrifugal and other forces present in the system, U holds the constraint equations, and k is the 
Lagrange multipliers term, also interpreted as the reaction forces. The state coordinates s and _s, 
already introduced, can be found from

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xP − xBð Þ
2 þ yP − yBð Þ

2
q

,

_s ¼ 0 0
xP − xB

s
yP − yB

s

� �

_x,
(28) 

where the coordinates xB, yB of the fixed point B are used.
The magnitude of the hydraulic force f a follows the expression

f a ¼ p2 − p1ð Þap − c_s, (29) 

where p1 and p2 are fluid pressures within the cylinder, ap is the total piston area and c is a vis
cous friction coefficient representing internal dissipation effects in the actuator. We designate the 
length of the cylinder by la and let the piston divide it into chambers of length la1, la

2, correspond
ing to the fluid pressures introduced and related to the total actuator length s by

la1 ¼ 0:5 � la þ st¼0 − s, (30) 

la
2 ¼ 0:5 � la þ s − st¼0: (31) 

The dynamics of the hydraulic part of the system can then be described by the following set of 
equations

_p1 ¼
b1

apla1
ap _s1 þ aicd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 pP − p1ð Þ

q

s

dP1 − aocd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 p1 − pTð Þ

q

s

dT1

2

4

3

5, (32) 

_p2 ¼
b2

apla
2

−ap _s1 þ aocd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 pP − p2ð Þ

q

s

dP2 − aicd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 p2 − pTð Þ

q

s

dT2

2

4

3

5, (33) 

where ai, ao are the variable areas of input and output valves connecting to the pump and the 
tank, cd is the discharge coefficient of the valves, q is the fluid density, and pP and pT are the 
hydraulic pressure at the pump and the tank, respectively. Coefficients dP1, dP2, dT1, and dT2 are 
Heaviside step functions, that take as arguments the quantities inside the square roots that pre
cede them. The bulk modulus b1 and b2, corresponding to each cylinder chamber, are a function 
of the fluid pressure, i.e.,

bi ¼
1þ api þ bp2

i
aþ 2bpi

, i ¼ 1, 2, (34) 

where a and b are constants for the fluid. Finally, the valve areas during operation are obtained 
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as a function of the control variable j as

ai ¼ af j, (35) 

ao ¼ af 1 − jð Þ: (36) 

Table 3. Values of the parameters (par.) of the hydraulic system used in the simulations. Link l2 is con
sidered massless and connects to a point mass at point R:

Par. Value Par. Value

l1 1.0 m ap 65 � 10−4 m2

l2 0.5 m la 0.442 m
m 200 kg c 105 Ns=m
mQ 250 kg cd 0.67 −
mR 100 kg q 850 kg=m3

ðxB, yBÞ ð
ffiffiffi
3
p
=2, 0Þ m a 6:53 � 10−10 Pa

ðh1, h2Þ ðp=6, 3p=2Þ m b − 1:19 � 10−18 −
ðpP, pTÞ ð7:6, 0:1Þ MPa g 9.81 m=s2

Figure 18. Normalized mean squared error (NMSE) of position as a function of the window length w with an additional quad
ratic curve fitted.

Figure 19. The length of the actuator s as observed from different subsystems. As DMD predicts the state at the next communi
cation point upon receiving new input, it is straightforward to interpolate the state between these points.
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where af ¼ 5 � 10−4 m2 is the valve area when fully open. Values of the parameters used in the 
simulations are attached in Table 3.

The introduction of hydraulic dynamics requires the use of smaller integration steps than 
those typically used for a mechanical system (Fig. 18). A multi-rate coupling scheme in the co- 
simulation is the natural choice in such a setting. Specifically, the mechanical subsystem S1 is 
solved with a macro step hm ¼ 12 ms by default, while the hydraulics-related subsystem S2 uses 
a step hh ¼ 0:2 ms: Without additional procedures in the co-simulation manager, new informa
tion about the coupling state s, _s is delivered to the subsystem S2 every hm: This negatively 
impacts the accuracy of the solution, as the hydraulic dynamics (29)–(33) depends on the state s, 
_s and requires the use of outdated state values. This effect is illustrated in Fig. 19, where the dot
ted blue line represents the state seen from the S2 perspective using the basic ZOH approach.

This issue can be minimized by employing the proposed DMD-based approach. As new infor
mation about the state arrives, the inferred model inside S2 is updated to predict the next state 
skþ1, _skþ1 at the communication point. If information about the S1 macro-step is available to S2, 
it becomes straightforward to interpolate the state in consecutive S2 steps. The red lines in Fig. 
19 present the results of the DMD-aided co-simulation. After 0:1 s (the time required to gather 
data for the entire assumed window size w), the predictions become accurate, and the interpol
ation (dotted line) qualitatively overlaps with what could have been computed from the perspec
tive of S1 (solid line), i.e., having full knowledge about the mechanical system. Initially, 

Figure 20. Simulation results for different approaches with a sinusoidal control signal and mechanical subsystem step size hm ¼
12 ms: (a) Actuator length error with respect to (w.r.t.) the monolithic solution; (b) length time history; (c) actuator rate error 
w.r.t. the monolithic solution; (d) rate time history.
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discontinuous changes in the dotted red line are observed, related to the not-yet-accurate 
predictions.

3.3.1. Sinusoidal control signal
Similarly to the two-mass oscillator example, we searched for the optimal window length when 
applying a sinusoidal control law to the system. The results, shown in Fig. 18, exhibit quadratic 
characteristics and indicate that a window length of w ¼ 10 is a reasonable choice. The method 
proposed in this work and the window choice decrease the error-index NMSE from 627 to 169.

The sinusoidal control signal, depicted in Fig. 17, linearly increases its amplitude from 0 to a 
deviation of 10% from the static equilibrium signal value jt¼0 after 1 s: The amplitude then 
remains constant until the 9-th s, after which it linearly decreases to 0 amplitude in 1 s:

In Fig. 20, we present the results of 10-s simulations using different approaches. In addition to 
the monolithic, ZOH, and DMD solutions, we introduce a method referred to as pressure. This 
approach is based on the observation that the negative impact of direct feedthrough can be 
reduced by changing the force coupling variable f a to the chambers’ pressures p1, p2:

Subsequently, the force value is calculated in S1 according to (29). As seen in Fig. 20(c), the error 
associated with the pressure approach is significantly lower than that of the ZOH method. The 
pressure method allows for more accurate computation of the internal dissipation effects in the 
actuator, which constitute an important part of the force f a:

However, the DMD approach outperforms the pressure method, exhibiting even smaller errors 
in both the rate _s and length s of the actuator. When examining Fig. 20(b), the pressure approach 
does not differ significantly from the ZOH method. Additionally, while there is still a gap 
between the monolithic and DMD approaches, the DMD method demonstrates noticeable 
improvement. Notably, the rate error remains approximately constant during periods without 
changes in the control sinusoid amplitude and changes only during transient stages.

3.3.2. Non-smooth control signal
The discontinuous control signal presented in Fig. 17 will induce non-smoothness in other variables 
dependent on its value. Using DMD for such signals presents a significant challenge. The theoretical 
foundation and practical applications of DMD for non-smooth signals are not well-studied, making 
its effectiveness in such scenarios uncertain. However, signals with such discontinuities are common 
in real-life applications, making it important to validate the method’s performance in these settings as 
well.

Analogous to previous examples, we tested different window sizes, leading to the expected con
clusion that a longer window (e.g., w ¼ 10) is not optimal for such a non-smooth signal. Models 
built with data from longer windows still capture a significant portion of the dynamics linearized 
around the state before the discontinuous event. We decided to use a window size of w ¼ 4:
However, for clarity, results for a window w ¼ 10 are also included in Fig. 21 and Fig. 22.

The challenge with the multi-rate co-simulation is that system S2 uses outdated information 
during the intervals between communication from S1: Therefore, in addition to the default time 
step of hm ¼ 12 ms, for which results are shown in Fig. 21, we also tested the impact of a longer 
time step h0m ¼ 20 ms, with results presented in Fig. 22. In both figures, the error starts at the 
3rd s, as the system remains in static equilibrium for the first 2s:

In all presented configurations, the DMD approach demonstrated a less oscillatory response to 
discontinuous events, exhibiting improvements in both settling time and amplitude. For a time 
step h0m ¼ 20 ms, the ZOH approach became unstable, whereas the DMD approach yielded 
results that were close to those of the monolithic method - however, the pressure interface 
achieved even smaller errors. Generally, a shorter window w ¼ 4 resulted in smaller errors than a 
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longer window w ¼ 10: As seen in Fig. 21(a), which shows the error in actuator length, the 
shorter window size outperformed the pressure method.

4. Discussion

The applicability of the presented method depends on the feasibility of determining the external 
subsystem dynamics from the numerical values of the coupling variables exchanged at the co- 
simulation interface. Ordinarily, coupling variables do not convey all the information that would 
enable one to reconstruct the dynamics of a subsystem. This was illustrated in Peiret et al. (2018) 
by means of the reduced interface model (RIM) concept in the co-simulation of mechanical sys
tems. Let us assume that the dynamics of the external, inferred subsystem S2 in Fig. 3 is formu
lated through a set of n independent velocities v as

M _v ¼ f þ f i (37) 

where M is the n� n mass matrix, f is the generalized forces term, which includes velocity- 
dependent inertial forces, and f i denotes the interaction forces between subsystems at the cou
pling interface. These interaction forces act in a subspace that can be parameterized by means of 
a set of p velocities wi,

wi ¼ Aiv (38) 

Figure 21. Simulation results for different approaches with a non-smooth control signal and mechanical subsystem step size 
hm ¼ 12 ms: (a) Actuator length error with respect to (w.r.t.) the monolithic solution; (b) length time history; (c) actuator rate 
error w.r.t. the monolithic solution; (d) rate time history.
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where Ai is a p� n Jacobian matrix. It was shown in Peiret et al. (2018) that the dynamics of 
subsystem S2 in the interface subspace can be described by an effective mass matrix eM and an 
effective force term ef , whose expressions are

eM ¼ AiM−1AT
i

� �−1
; ef ¼ AiM−1AT

i

� �−1 AiM−1f þ _Aiv
� �

(39) 

An extension of the method for systems modeled using dependent velocities can also be found 
in Peiret et al. (2018). This dynamics representation is conceptually similar to the compound- 
body dynamics required by some recursive multibody methods like the divide and conquer algo
rithm (DCA) (Malczyk et al. 2019).

In practice, the interaction between subsystems S1 and S2 takes place through the dynamics 
defined by the terms in eq. (39). Because the size n of subsystem S2 is often larger than the inter
face dimension p, the dynamics representation given by the effective terms eM and ef does not 
allow one to reconstruct the full dynamics of S2: The dynamics inference presented in Sec. 2, 
therefore, can be used to predict the evolution of eM and ef , but cannot explicitly reach the 
internal, hidden states of S2: This limitation is not a particular feature of the data-driven method 
here presented, but is inherent to every explicit co-simulation interface.

When the configuration of subsystem S2 is subjected to sudden changes, as in the case of 
impacts, the terms in eq. (38) can undergo quick variations. This led to the need to formulate 
nonsmooth RIMs to address such changes (Peiret, Gonz�alez, et al. 2020). It must be noted that 

Figure 22. Simulation results for different approaches with a sinusoidal control signal and mechanical subsystem step size h
0

m ¼

20 ms: (a) Actuator length error with respect to (w.r.t.) the monolithic solution; (b) length time history; (c) actuator rate error 
w.r.t. the monolithic solution; (d) rate time history.
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establishing such reduced models requires a full knowledge of the dynamics of the external sub
system subjected to impacts. The algorithm presented in Sec. 2 relies on information from previ
ous communication steps to build its description of the external subsystem. Accordingly, a 
sudden modification of the dynamics might require restarting the algorithm procedures and com
promise the accuracy of the predictions.

The algorithm, however, can show a robust behavior with respect to changes in the hidden 
states in subsystem S2, as long as their evolution does not cause a variation in eM and ef that can
not be captured by the communication rate at the coupling interface. This is confirmed by the 
results presented in Sec. 3.2, which show that the knowledge of the internal states of the multi- 
link pendulum is not required to develop a data-driven approximation of the interface terms able 
to mitigate coupling errors.

5. Conclusion

This work presents a data-driven method to infer subsystem dynamics in explicit co-simulation envi
ronments, in which the limited, discrete-time exchange of information at the coupling interface often 
results in degraded accuracy of the numerical integration. In extreme cases, this problem may lead to 
instability, especially if one or more subsystems are subjected to direct feedthrough. Instead of relying 
on signal reconstruction approaches to predict the evolution of subsystem inputs and avoid disconti
nuities at the interface, a solution commonly used in co-simulation applications, here we put forward 
a method to provide a given subsystem with a physics-based prediction of the evolution of its inputs. 
The proposed strategy does not require information about the internals of other subsystems in the 
co-simulation environment and uses only the data conveyed by the coupling variables exchanged 
through the interface. These data are processed by means of Dynamic Mode Decomposition (DMD) 
to arrive at a data-based representation of the dynamics of the external subsystem. Such a representa
tion can be then used to predict the evolution of the inputs received in future communication points, 
enabling a more accurate evaluation of subsystem output values, which in turn improves the accuracy 
of the overall numerical integration.

The proposed data-driven method was tested in the co-simulation of popular benchmark problems 
in the literature, including purely mechanical systems such as linear and nonlinear oscillators, and a 
multiphysics example, namely a hydraulically actuated two-link manipulator, co-simulated in a multi- 
rate fashion. Results confirmed that the prediction of future inputs, provided by the proposed 
method, in subsystems subjected to direct feedthrough improved the accuracy of the co-simulation, 
bringing the results closer to the ones predicted by the theory and delivered by monolithic simulation 
runs. The method was also able to stabilize co-simulation problems that became unstable if constant 
input extrapolation was used instead.

The ability of the method to correctly predict future input values depends on the relation 
between the rate of change of the subsystem dynamics and the update of information at the cou
pling interface. DMD relies on previous values to infer subsystem dynamics, which means that 
sudden variations in subsystem motion, such as those caused by impacts, may deteriorate the 
ability of the algorithm to deliver meaningful predictions. For systems with smooth dynamics, 
however, the algorithm is able to correct interface discontinuities, even in cases in which the 
number of coupling variables is smaller than the degrees of freedom of the external subsystem. 
This was confirmed through the simulation of the dynamics of a multi-link mechanical system.

Future work will focus on automatizing the selection of method parameters, such as the win
dow size, and studying its applicability to more general co-simulation scenarios.
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