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H I G H L I G H T S

• Systematic method presented for computing initial sensitivities in rigid and flexible systems.

• Flexible components are rigidized if initially undeformed in a Perturbed Initial Model (PIM).

• Initial sensitivities severely impacts the evolution of sensitivities and potentially optimization results.

• Formulation provided to handle flexible components treated as rigid in PIMs.
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A B S T R A C T

Design optimization is a critical aspect in the development of mechanical systems, particularly flexible multibody 

systems, to enhance performance metrics such as weight reduction, efficiency, and cost-effectiveness. Gradient-

based optimization methods are often employed for this purpose due to their computational efficiency, especially 

for large design spaces. These methods rely heavily on accurate sensitivity analysis, which involves computing the 

derivatives of system responses with respect to design parameters. While significant research exists on sensitivity 

analysis for the full dynamic trajectory of multibody systems, details the computation of the initial position and 

velocity sensitivities is a crucial step and is scarcely documented, being treated as an implementation detail. This 

paper highlights the importance of computing these initial sensitivities and presents a specific proposal for their 

systematic computation within the context of flexible multibody dynamics.

1 . Introduction

Multibody System (MBS) dynamics is a fundamental area of re­

search with applications spanning robotics, aerospace, automotive, and 

biomechanics [1]. The inclusion of flexibility in MBS models, leading to 

Flexible Multibody Systems (FMBS), is essential for accurate simulations 

of high-speed and lightweight mechanisms where elastic deformations 

are significant. The dynamic behavior of FMBS is complex, often mod­

eled using differential-algebraic equations (DAEs), which capture the 

interplay between rigid body motion and structural deformation [2–4].

On the other hand, optimization of mechanical systems is essential 

for achieving improved designs in many applications, leading to out­

comes such as reduced weight, increased efficiency, and lower costs. 

This optimization typically involves defining an objective function that 

depends on the system’s dynamic response. Gradient-based optimization 

algorithms require computation of the gradient of the objective function 

with respect to design variables and can be performed using different 

techniques. One of them is numerical, with finite differences, solving 

the dynamics of several perturbed problems. This approach is simple and 

systematic but has some important drawbacks; namely, the selection of 

the perturbation, the low accuracy, and efficiency, especially when deal­

ing with large systems and a large number of design variables. The other 

approach, which is the one adopted in this paper, is through a sensitiv­

ity analysis that evaluates how the system’s output changes in response 

to variations in design parameters. Efficient sensitivity analysis is the 

cornerstone of efficient gradient-based optimization.

Common methods for sensitivity analysis in multibody dynamics in­

clude the Direct Differentiation Method (DDM) and the Adjoint Variable 

Method (AVM). The DDM involves differentiating the equations of 
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$n$


$\boldsymbol q$


$\dot {\boldsymbol q}\in {\mathbb {R}}^n$


$\boldsymbol q$


${\boldsymbol \Phi }({\boldsymbol q},t)\in \mathbbm {R}^m$


${(\cdot )}_{\square }=\partial (\cdot )/\partial \square $


$-3$


\begin {equation}{\boldsymbol M}\ddot {\boldsymbol q} + {\boldsymbol \Phi }_{\boldsymbol q}^{\textrm {T}}{\boldsymbol \lambda } = {\boldsymbol Q}, \quad {\boldsymbol \Phi } = {\boldsymbol 0} \quad + \quad \mbox {initial conditions } \, {\boldsymbol q}_{0}, \dot {\boldsymbol q}_{0}, {\boldsymbol \lambda }_{0} \label {eq:emot}\end {equation}


$\boldsymbol M$


$n \times n$


${\boldsymbol \lambda }\in \mathbbm {R}^m$


${\boldsymbol Q}\in \mathbbm {R}^n$


$d=n-r$


$r=rank({\boldsymbol \Phi }_{\boldsymbol q})$


$r=m$


$\rho \in \mathbbm {R}$


${\boldsymbol \rho }\in \mathbbm {R}^p$


$p>1$


${\boldsymbol q}_0, \dot {\boldsymbol q}_0$


${\boldsymbol \lambda }_0$


$\psi $


\begin {equation}\label {ieq1} \psi ({\boldsymbol q}(t),\dot {\boldsymbol q}(t), \ddot {\boldsymbol q}(t), {\boldsymbol \lambda }(t),\rho )= \int _{t_0}^{t_F}g({\boldsymbol q},\dot {\boldsymbol q},\ddot {\boldsymbol q},{\boldsymbol \lambda },{\rho }) \ {\mathrm {d}}t\end {equation}


\begin {equation}\psi _{\rho } = \int _{t_0}^{t_F} \left [ g_{\boldsymbol q} {\boldsymbol q}_{\rho } + g_{\dot {\boldsymbol q}} \dot {\boldsymbol q}_{\rho } + g_{\ddot {\boldsymbol q}} \ddot {\boldsymbol q}_{\rho } + g_{\boldsymbol \lambda } {\boldsymbol \lambda }_{\rho } + g_{\boldsymbol \rho } \right ] \ {\mathrm {d}}t, \label {eq:gradpsi}\end {equation}


${\boldsymbol q}_{\rho (t)},\dot {\boldsymbol q}_{\rho }(t),\ddot {\boldsymbol q}_{\rho }(t) \in \mathbbm {R}^n$


${\boldsymbol \lambda }_{\rho }(t) \in \mathbbm {R}^m$


${\boldsymbol q}(t),\dot {\boldsymbol q}(t),\ddot {\boldsymbol q}(t)$


${\boldsymbol \lambda }(t)$


\begin {align}{\boldsymbol M}{\ddot {\boldsymbol q}}_{\rho } + \hat {\boldsymbol C} \dot {\boldsymbol q}_{\rho } + \hat {\boldsymbol K}{\boldsymbol q}_{\rho } + {\boldsymbol \Phi }_{\boldsymbol q}^{\textrm {T}} {\boldsymbol \lambda }_{\rho } = \hat {\boldsymbol Q}, \quad & \quad {\boldsymbol \Phi }_{\boldsymbol q} {\boldsymbol q}_{\rho }+ {\boldsymbol \Phi }_{\rho } = {\boldsymbol 0} \notag \\ \quad &+ \quad \mbox {initial conditions } {\boldsymbol q}_{{\rho }_0}, \dot {\boldsymbol q}_{{\rho }_0}, {\boldsymbol \lambda }_{\rho _0} \label {eq:tang}\end {align}


${\boldsymbol M}({\boldsymbol q}(t),t)$


$\hat {\boldsymbol C}({\boldsymbol q}(t),\dot {\boldsymbol q}(t),t)$


$\hat {\boldsymbol K}({\boldsymbol q}(t),\dot {\boldsymbol q}(t),\ddot {\boldsymbol q}(t),{\boldsymbol \lambda }(t),t)$


$\hat {\boldsymbol Q}({\boldsymbol q}(t),\dot {\boldsymbol q}(t),\ddot {\boldsymbol q}(t),{\boldsymbol \lambda }(t),t)$


$\boldsymbol \Phi $


${\boldsymbol \Phi }_{\boldsymbol q}, {\boldsymbol \Phi }_{\boldsymbol {qq}}, {\boldsymbol \Phi }_{{\boldsymbol q}\rho }$


${\boldsymbol \Phi }_{\rho }$


$\rho $


$t=0$


\begin {align}\frac {{\textrm {d}}{\boldsymbol \Phi }}{{\textrm {d}}{\rho }} \Bigg |_{0} = {\boldsymbol 0} &\ \rightarrow \
\left . \left ( {\boldsymbol \Phi }_{\boldsymbol q}{\boldsymbol q}_{\rho } \right ) \right |_{0} = \left . -{\boldsymbol \Phi }_{\rho }\right |_{0} \label {eq:ic1}\\ \frac {{\textrm {d}}{\dot {\boldsymbol \Phi }}}{{\textrm {d}}{\rho }} \Bigg |_{0} = {\boldsymbol 0} &\ \rightarrow \
\left . \left ( {\boldsymbol \Phi }_{\boldsymbol q} {\dot {\boldsymbol q}}_{\rho } \right ) \right |_{0} = \left . \left ( - { {({\boldsymbol \Phi }_{\boldsymbol {q}} {\boldsymbol q}_{\rho } )}_{\boldsymbol q} } \dot {\boldsymbol q} - {\boldsymbol \Phi }_{t{\boldsymbol q}} {\boldsymbol q}_{\rho } - {\boldsymbol \Phi }_{{\boldsymbol q}\rho }\dot {\boldsymbol q} - {\boldsymbol \Phi }_{t\rho } \right ) \right |_{0} \label {eq:ic2}\end {align}


\begin {align}\frac {{\textrm {d}}{\boldsymbol \Phi }}{{\textrm {d}}{\rho }} \Bigg |_{0} = {\boldsymbol 0} &\ \rightarrow \
\left . \left ( {\boldsymbol \Phi }_{\boldsymbol q}{\boldsymbol q}_{\rho } \right ) \right |_{0} = \left . -{\boldsymbol \Phi }_{\rho }\right |_{0} \label {eq:ic1}\\ \frac {{\textrm {d}}{\dot {\boldsymbol \Phi }}}{{\textrm {d}}{\rho }} \Bigg |_{0} = {\boldsymbol 0} &\ \rightarrow \
\left . \left ( {\boldsymbol \Phi }_{\boldsymbol q} {\dot {\boldsymbol q}}_{\rho } \right ) \right |_{0} = \left . \left ( - { {({\boldsymbol \Phi }_{\boldsymbol {q}} {\boldsymbol q}_{\rho } )}_{\boldsymbol q} } \dot {\boldsymbol q} - {\boldsymbol \Phi }_{t{\boldsymbol q}} {\boldsymbol q}_{\rho } - {\boldsymbol \Phi }_{{\boldsymbol q}\rho }\dot {\boldsymbol q} - {\boldsymbol \Phi }_{t\rho } \right ) \right |_{0} \label {eq:ic2}\end {align}


$m$


${\boldsymbol q}_{\rho _0}$


$\dot {\boldsymbol q}_{\rho _0}$


$n=m$


$d=n-m \neq 0$


$m_r$


${\boldsymbol \Lambda }({\boldsymbol q}) \in \mathbbm {R}^{m_r}$


$t=0$


$\boldsymbol \Phi $


$\boldsymbol \Lambda $


$d_s=d-m_r$


${\boldsymbol z}({\boldsymbol q})\in \mathbbm {R}^{d_s}$


$d_s$


$d_s$


\begin {align}\left . \frac {{\textrm {d}}{\boldsymbol z}}{{\textrm {d}}\rho } \right |_{0} ={\boldsymbol z}_{\rho _0} \quad &\rightarrow \quad \left . \left ( {\boldsymbol z}_{\boldsymbol q}{\boldsymbol q}_{\rho } \right ) \right |_{0} ={\boldsymbol z}_{\rho _0} \notag \\ \left . \frac {{\textrm {d}}{\dot {\boldsymbol z}}}{{\textrm {d}}\rho } \right |_{0} =\dot {\boldsymbol z}_{\rho _0} \quad &\rightarrow \quad \left . \left ( {\boldsymbol z}_{\boldsymbol q}\dot {\boldsymbol q}_{\rho } + { {({\boldsymbol z}_{\boldsymbol {q}}{\boldsymbol q}_{\rho })}_{\boldsymbol q} } \dot {\boldsymbol q} \right ) \right |_{0} = \dot {\boldsymbol z}_{\rho _0} \label {eq:thesens}\end {align}


${\boldsymbol z}_{\rho _0}$


$\dot {\boldsymbol z}_{\rho _0}\in \mathbbm {R}^{d_s}$


\begin {align}{\boldsymbol A} {\boldsymbol q}_{\rho _{0}} &= \left \{ \begin {array}{c} -{\boldsymbol \Phi }_{\rho _{0}}\\ -{\boldsymbol \Lambda }_{\rho _{0}}\\ {\boldsymbol z}_{\rho _{0}} \end {array} \right \} \label {eq:sis1}\\ {\boldsymbol A} \dot {\boldsymbol q}_{\rho _{0}} &= \left \{ \begin {array}{c} - { {({\boldsymbol \Phi }_{{\boldsymbol {q}}_{0}} {\boldsymbol q}_{\rho _{0}})}_{{\boldsymbol q}_0} } \dot {\boldsymbol q}_{0} - {\boldsymbol \Phi }_{t{\boldsymbol q}_{0}} {\boldsymbol q}_{\rho _{0}} - {\boldsymbol \Phi }_{{\boldsymbol q}\rho _{0}}\dot {\boldsymbol q}_{0} - {\boldsymbol \Phi }_{t\rho _{0}} \\ - { {({\boldsymbol \Lambda }_{{\boldsymbol {q}}_{0}} {\boldsymbol q}_{\rho _{0}})}_{{\boldsymbol q}_0} } \dot {\boldsymbol q}_{0} \\ { -{({\boldsymbol z}_{{\boldsymbol {q}}_0}{\boldsymbol q}_{\rho _0})}_{{\boldsymbol q}_0} } \dot {\boldsymbol q}_0 + \dot {\boldsymbol z}_{\rho _{0}} \end {array} \right \} \label {eq:sis2}\end {align}


\begin {align}{\boldsymbol A} {\boldsymbol q}_{\rho _{0}} &= \left \{ \begin {array}{c} -{\boldsymbol \Phi }_{\rho _{0}}\\ -{\boldsymbol \Lambda }_{\rho _{0}}\\ {\boldsymbol z}_{\rho _{0}} \end {array} \right \} \label {eq:sis1}\\ {\boldsymbol A} \dot {\boldsymbol q}_{\rho _{0}} &= \left \{ \begin {array}{c} - { {({\boldsymbol \Phi }_{{\boldsymbol {q}}_{0}} {\boldsymbol q}_{\rho _{0}})}_{{\boldsymbol q}_0} } \dot {\boldsymbol q}_{0} - {\boldsymbol \Phi }_{t{\boldsymbol q}_{0}} {\boldsymbol q}_{\rho _{0}} - {\boldsymbol \Phi }_{{\boldsymbol q}\rho _{0}}\dot {\boldsymbol q}_{0} - {\boldsymbol \Phi }_{t\rho _{0}} \\ - { {({\boldsymbol \Lambda }_{{\boldsymbol {q}}_{0}} {\boldsymbol q}_{\rho _{0}})}_{{\boldsymbol q}_0} } \dot {\boldsymbol q}_{0} \\ { -{({\boldsymbol z}_{{\boldsymbol {q}}_0}{\boldsymbol q}_{\rho _0})}_{{\boldsymbol q}_0} } \dot {\boldsymbol q}_0 + \dot {\boldsymbol z}_{\rho _{0}} \end {array} \right \} \label {eq:sis2}\end {align}


$n$


$\boldsymbol A$


$n\times n$


\begin {equation}\label {ieq2} {\boldsymbol A} = \left ( \begin {array}{c} {\boldsymbol \Phi }_{{\boldsymbol q}_{0}} \\ {\boldsymbol \Lambda }_{{\boldsymbol q}_{0}} \\ {\boldsymbol z}_{{\boldsymbol q}_0} \end {array} \right )\end {equation}


${\boldsymbol q}_{\rho _0}$


$\dot {\boldsymbol q}_{\rho _0}$


$\ddot {\boldsymbol q}_{{\boldsymbol \rho }_0}$


${\boldsymbol \lambda }_{{\boldsymbol \rho }_0}$


$d_s\times n$


${\boldsymbol z}_{{\boldsymbol q}_0}$


$\boldsymbol B$


${\boldsymbol z}({\boldsymbol q})$


${\boldsymbol z}_{{\boldsymbol q}_0}$


${\boldsymbol q}_0$


${\boldsymbol z}_{{\boldsymbol {qq}}_0}$


${\boldsymbol z}_{{\boldsymbol q}_0}$


$d_s \neq d$


${\boldsymbol z}({\boldsymbol q})$


${\boldsymbol z}_{{\boldsymbol q}_0}$


${\boldsymbol z}_{\rho _0}$


$\dot {\boldsymbol z}_{\rho _0}$


$t=0$


$m_r$


${\boldsymbol \Lambda }({\boldsymbol q})\in \mathbbm {R}^{m_r}$


${\boldsymbol \Phi }({\boldsymbol q})\in \mathbbm {R}^m$


$d_s=d-m_r$


$t=0$


$d_{s}$


${\boldsymbol q}\in \mathbbm {R}^n$


${\boldsymbol q}_0$


$\dot {\boldsymbol q}_0$


$\boldsymbol \Lambda $


$d_s$


$d$


$k_1=k_2=0$


$m_{A-1}=m_{3-B}=1$


$m_{1-2}=m_{2-3}=1.5$


$XZ$


$g=9.81$


$n=3\times 2=6$


$1,2,3$


${\boldsymbol q}={(x_1,z_1,x_2,z_2,x_3,z_3)}^{\textrm {T}}\in \mathbbm {R}^6$


$m=4$


$A$


$1$


$1$


$2$


$2$


$3$


$3$


$B$


$d=n-m=6-4=2$


$d_s$


$2$


$A$


$1$


$L_{A1}$


$\dot {\boldsymbol z}_{\rho _0}={\boldsymbol 0}$


$\dot {\boldsymbol q}_{\rho _0}$


${\boldsymbol \Phi }_t={\boldsymbol 0}$


$\dot {\boldsymbol q}_0={\boldsymbol 0}$


$n_s=n$


$L_{A1}$


$2$


$3$


$1$


$L_{A1}$


${\boldsymbol z}({\boldsymbol q})$


\begin {equation}{\boldsymbol z}({\boldsymbol q})= \left \{ \begin {array}{c} z_2 \\ x_3 \end {array} \right \} \, \rightarrow \, {\boldsymbol z}_{{\boldsymbol q}_0} = \left ( \begin {array}{cccccc} 0 & 0 & 0 & 1 & 0 & 0 \\ 0 & 0 & 0 & 0 & 1 & 0 \end {array} \right ) \, , \, {\boldsymbol z}_{\rho _0} = \left \{ \begin {array}{c} 0 \\ 0 \end {array} \right \} \label {eq:F1zq0}\end {equation}


$(z_2,x_3)$


${\boldsymbol z}_{{\boldsymbol q}_0}$


$3$


$1$


$2$


$A$


$1$


${\boldsymbol z}({\boldsymbol q})$


\begin {equation}\label {ieq3} {\boldsymbol z}({\boldsymbol q})= \left \{ \begin {array}{c} z_1 \\ x_3 \end {array} \right \} \, \rightarrow \, {\boldsymbol z}_{{\boldsymbol q}_0} = \left ( \begin {array}{cccccc} 0 & 1 & 0 & 0 & 0 & 0 \\ 0 & 0 & 0 & 0 & 1 & 0 \end {array} \right ) \, , \, {\boldsymbol z}_{\rho _0} = \left \{ \begin {array}{c} 0 \\ 0 \end {array} \right \}\end {equation}


$3$


$1$


$2$


$A$


$1$


${\boldsymbol z}({\boldsymbol q})$


\begin {equation}\label {ieq4} {\boldsymbol z}({\boldsymbol q}_0)= \left \{ \begin {array}{c} x_1 \\ x_3 \end {array} \right \} \, \rightarrow \, {\boldsymbol z}_{{\boldsymbol q}_0} = \left ( \begin {array}{cccccc} 1 & 0 & 0 & 0 & 0 & 0 \\ 0 & 0 & 0 & 0 & 1 & 0 \end {array} \right ) \, , \, {\boldsymbol z}_{\rho _0} = \left \{ \begin {array}{c} 0 \\ 0 \end {array} \right \}\end {equation}


$2$


$L_{A1}$


$A-1$


$B$


$1$


$B$


$2$


$1$


$2$


$1$


$2$


$E=206.94$


$\nu =0.288$


$4$


${\boldsymbol q}={(x_1,z_1,x_2,z_2,x_3,z_3,x_4,z_4)}^{\textrm {T}}\in \mathbbm {R}^8$


$d=n-m=8-3=5$


$0.01031$


$7829.0$


$d_s$


$d$


$2$


$6$


$L_{A1}$


$L_{A1}$


$n_s\leq n$


$2$


$L_{A1}$


$L_{B1}$


$L_{B1}$


$n_s\leq n$


$L_{A1})$


$B$


$1$


$L_{B1}$


${\boldsymbol \Lambda }\in \mathbbm {R}^5$


$d_s=d-m_r = 5-5= 0$


$A$


$2$


${\boldsymbol z}({\boldsymbol q}), {\boldsymbol z}_{{\boldsymbol q}_0}$


${\boldsymbol z}_{\rho _0}$


${\boldsymbol \Lambda }({\boldsymbol q})\in \mathbbm {R}^3$


$d_{s}=5-3=2$


$3$


$\alpha $


\begin {align}&{\boldsymbol z}({\boldsymbol q})= \left \{ \begin {array}{c} x_3 \\ \arctan (z_1 / x_1) \end {array} \right \} \notag \\ &{\boldsymbol z}_{{\boldsymbol q}_0} = \left ( \begin {array}{cccccccc} 0 & 0 & 0 & 0 & 1 & 0 & 0 & 0 \\ -\frac {z_{1_0}}{x_{1_0}^2 + z_{1_0}^2} & \frac {x_{1_0}}{x_{1_0}^2 + z_{1_0}^2} & 0 & 0 & 0 & 0 & 0 & 0 \end {array} \right ) \, , \,\nonumber \\ &{\boldsymbol z}_{\rho _0} = \left \{ \begin {array}{c} 0 \\ 0 \end {array} \right \} \label {eq:F2zq0}\end {align}


${\boldsymbol \Lambda }({\boldsymbol q})\in \mathbbm {R}^4$


$d_{s}=5-4=1$


$1$


\begin {align}&{\boldsymbol z}({\boldsymbol q})= \left \{ \begin {array}{c} x_1 \end {array} \right \} \notag \\ &{\boldsymbol z}_{{\boldsymbol q}_0} = \left (\begin {array}{@{}cccccccc@{}} 1 & 0 & 0 & 0 & 0 & 0 & 0 & 0 \end {array} \right ) , \quad {\boldsymbol z}_{\rho _0} = \left \{ \begin {array}{c} 0 \end {array} \right \}\label {autoeq:1}\end {align}


$L_{B1}$


${\boldsymbol \Lambda }({\boldsymbol q})$


$d_{s}=5-5=0$


${\boldsymbol z}({\boldsymbol q}),{\boldsymbol z}_{{\boldsymbol q}_0}$


${\boldsymbol z}_{\rho _0}$


${\boldsymbol \Lambda }({\boldsymbol q})\in \mathbbm {R}^4$


$d_{s}=5-4=1$


$1$


$L_{{B1}}$


${\boldsymbol z}({\boldsymbol q})$


\begin {align}&{\boldsymbol z}({\boldsymbol q})= \left \{ \begin {array}{c} x_1 \end {array} \right \} \notag \\ &{\boldsymbol z}_{{\boldsymbol q}_0} = \left (\begin {array}{@{}cccccccc@{}} 1 & 0 & 0 & 0 & 0 & 0 & 0 & 0 \end {array} \right ) , \quad {\boldsymbol z}_{\rho _0} = \left \{\begin {array}{@{}l@{}} 0 \end {array} \right \}\label {autoeq:2}\end {align}


${\boldsymbol \Lambda }({\boldsymbol q})\in \mathbbm {R}^4$


$d_{s}=5-4=1$


$\alpha $


\begin {align}&{\boldsymbol z}({\boldsymbol q}) = \left \{ \begin {array}{@{}c@{}} \arctan ( (z_3-z_2)/(x_3-x_2) \end {array} \right \} \notag \\ &{\boldsymbol z}_{{\boldsymbol q}_0}=a\left (0 \quad 0 \quad (z_{3_0}-z_{2_0}) \quad -({x_{3_0}-x_{2_0}}) \quad -(z_{3_0}-z_{2_0}) \right .\nonumber \\ &\qquad \qquad \left . (x_{3_0}-x_{2_0}) \quad 0 \quad 0 \right ) \notag \\ &{\boldsymbol z}_{\rho _0} = \left \{ \begin {array}{c} 0 \end {array} \right \}\label {autoeq:3}\end {align}


$a = 1/[{(x_{3_0}-x_{2_0})}^2 + {(z_{3_0}-z_{2_0})}^2]$


$12$


$2$


$B1$


$d$


$m_r$


$d_s=d-m_r$


$L_{A1}$


$2$


$3$


$2$


$L_{A1}$


$3$


$1$


$2$


$L_{A1}$


$3$


$1$


$2$


$L_{A1}$


$0$


$L_{A1}$


$\alpha $


$2$


$L_{A1}$


$1$


$L_{B1}$


$0$


$L_{B1}$


$1$


$L_{B1}$


$\alpha $


$1$


$d_s$


$20$


$A1-B1,A2-B2,A3-B3,A4-B4,A1-B5,A3-B7,A2-B6$


$A4-B8$


$10$


$B1-B2,B3-B4,B5-B7$


$B6-B8$


$A1-B2,A2-B8,A4-B3$


$A3-B5$


$A1$


$A4$


$B1$


$B8$


$E=1$


$\nu =0.3$


$1$


$100$


$2\times 2\times 2$


$100$


$1$


$0.01$


$10$


$0.01$


$2$


$0.1$


$10.198$


$10^{-5}$


$5$


$10$


$\Delta t=0.02$


$501$


$d=454$


$B2$


$B1-B2$


$A1-B2$


$m_{r}=447$


$d_{s}=7$


$x_{G}, y_{G}, z_{G}, \psi , \theta , \varphi , x_{B2}$


$B2$


$A1-B1-B2-A1$


$x=0$


$7$


$\boldsymbol q$


$A1-B2$


\begin {align}&{\boldsymbol z}{({\boldsymbol q})}^{\textrm {T}}= \left (\begin {array}{@{}c@{}} x_{G} \, , \, y_{G} \, , \, z_{G} \, , \, \psi \, , \, \theta \, , \, \varphi \, , \, x_{B2} \end {array} \right ) \notag \\ &{\boldsymbol z}_{{\boldsymbol q}_0} = \left ( \begin {array}{ccccccccc} 0& \ldots & 1 & 0 & 0 & 0 & 0 & 0 & 0\\ 0& \ldots & 0 & 1 & 0 & 0 & 0 & 0 & 0\\ 0& \ldots & 0 & 0 & 1 & 0 & 0 & 0 & 0\\ 0& \ldots & 0 & 0 & 0 & 1 & 0 & 0 & 0\\ 0& \ldots & 0 & 0 & 0 & 0 & 1 & 0 & 0\\ 0& \ldots & 0 & 0 & 0 & 0 & 0 & 1 & 0\\ 0& \ldots & 0 & 0 & 0 & 0 & 0 & 0 & 1 \end {array} \right ) \quad , \quad {\boldsymbol z}_{\rho _0} = \left \{ \begin {array}{c} 0\\ \ldots \\ 0\\ 0\\ 0\\ 0\\ 0\\ 0\\ 0 \end {array} \right \}\label {autoeq:4}\end {align}


$x-$


$4$


${\boldsymbol z}_{\rho _{0}}$


\begin {equation}\label {ieq5} {\boldsymbol z}_{\rho _{0}}^{\textrm {T}} = \left ( 0 \, , \, \ldots \, , \, 0 \, , \, 0 \, , \, 0 \, , \, 0 \, , \, 0 \, , \, 0 \, , \, 4 \right )\end {equation}


$x-$


$B2$


$B1-B2$


$x-$


$B2$


$B1-B2$


${\boldsymbol \Lambda }({\boldsymbol q})$


$1$


$2$


$3$


$A, B$


${\boldsymbol e}={\boldsymbol r}_B-{\boldsymbol r}_A={\boldsymbol r}_{AB}$


$2+n_p$


$n_p\geq 0$


$n= 3(2+n_{p})$


${\boldsymbol q}={({\boldsymbol r}_{A} , {\boldsymbol r}_{B} , {\boldsymbol r}_{1} , \ldots ,{\boldsymbol r}_{n_{p}})}^{\textrm {T}}\in \mathbbm {R}^n$


$m=1+3n_p$


$1$


$A$


$B$


\begin {equation}\label {ieq6} {\mathrm \Lambda }_{0} = {\boldsymbol e}^2 - L_{AB}^2\end {equation}


$3n_{p}$


$i$


$\boldsymbol e$


$\boldsymbol 0$


$\boldsymbol 1$


$3\times 3$


$d=n-m = 5$


$n_p=0$


$3$


$A,B,C$


${\boldsymbol e}_1={\boldsymbol r}_B-{\boldsymbol r}_A, \, {\boldsymbol e}_2={\boldsymbol r}_C-{\boldsymbol r}_A$


$(3+n_p)$


$n_p\geq 0$


$n=3(3+n_p)$


${\boldsymbol q}={({\boldsymbol r}_{A} , {\boldsymbol r}_{B} , {\boldsymbol r}_{C},{\boldsymbol r}_1,\ldots ,{\boldsymbol r}_{n_p})}^{\textrm {T}}\in \mathbbm {R}^n$


$m=3+3n_p$


$3$


$A,B$


$C$


\begin {equation}\label {ieq7} {\boldsymbol \Lambda }_{0} ={\left ( {\boldsymbol e}_1^2-L_{AB}^2 \, , \, {\boldsymbol e}_{2}^2-L_{AC}^2 \, , \, {({\boldsymbol e}_2 - {\boldsymbol e}_1)}^{2}-L_{BC}^2 \right )}^{\textrm {T}}\end {equation}


$3n_p$


$i$


${\boldsymbol e}_1$


${\boldsymbol e}_2$


\begin {equation}\label {ieq8} {\boldsymbol r}_{Ai} = c_{i_1}{\boldsymbol e}_1 + c_{i_2}{\boldsymbol e}_2 \quad \rightarrow \quad {\boldsymbol \Lambda }_i = {\boldsymbol C}_i {\boldsymbol q} \quad \mbox {for} \quad i = 1,..,n_{p}\end {equation}


$d=n-m = 6$


$3\times N$


${\boldsymbol C}_i$


$n_p$


${\boldsymbol c}_i={(c_{i_1},c_{i_2})}^{\textrm {T}}$


\begin {equation}\label {ieq9} {\boldsymbol G}{\boldsymbol c}_i={\boldsymbol b}_i , \, \mbox {with} \quad {\boldsymbol G}= \left ( \begin {array}{cc} {\boldsymbol e}_{1}^{2} & {\boldsymbol e}_{1}\cdot {\boldsymbol e}_{2} \\ \mbox {symm} & {\boldsymbol e}_{2}^{2} \end {array} \right ) \, \mbox {and} \quad {\boldsymbol b}_i = \left \{ \begin {array}{c} {\boldsymbol r}_{Ai}\cdot {\boldsymbol e}_{1} \\ {\boldsymbol r}_{Ai}\cdot {\boldsymbol e}_{2} \end {array} \right \}\end {equation}


$\boldsymbol G$


${\boldsymbol c}_i$


${\boldsymbol C}_i$


\begin {equation}\label {ieq10} {\boldsymbol C}_i ={\left ( (c_{i_1}+c_{i_2}-1){\boldsymbol 1} \, , \, -c_{i_1} {\boldsymbol 1} \, , \, -c_{i_2} {\boldsymbol 1} \, , \, {\boldsymbol 0} \, , \, \ldots \, , \, {\boldsymbol 0} \, , \, \underset { \begin {array}{c}\uparrow \\ i \end {array}}{\boldsymbol 1} \, , \, {\boldsymbol 0} \, , \, \ldots \, , \, {\boldsymbol 0} \right )}_{3\times n}\end {equation}


$4$


$A,B,C,D$


${\boldsymbol e}_1={\boldsymbol r}_B-{\boldsymbol r}_A, \, {\boldsymbol e}_2={\boldsymbol r}_C-{\boldsymbol r}_A , \, {\boldsymbol e}_3={\boldsymbol r}_D-{\boldsymbol r}_A$


$(4+n_p)$


$n_p\geq 0$


$n=3(4+n_p)$


${\boldsymbol q}={({\boldsymbol r}_{A} , {\boldsymbol r}_{B} , {\boldsymbol r}_{C}, {\boldsymbol r}_{D},{\boldsymbol r}_1,\ldots ,{\boldsymbol r}_{n_p})}^{\textrm {T}}\in \mathbbm {R}^n$


$m=6 + 3n_p$


$6$


$A,B,C$


$D$


\begin {align}{\boldsymbol \Lambda }_{0} = &{\left ( {\boldsymbol e}_{1}^{2}-L_{AB}^2 \, , \, {\boldsymbol e}_{2}^2-L_{AC}^2 \, , \, {\boldsymbol e}_{3}^2-L_{AD}^2 \, , \, \right .} \notag \\ &{\left . {({\boldsymbol e}_2 - {\boldsymbol e}_1)}^2-L_{BC}^2 \, , \, {({\boldsymbol e}_3 - {\boldsymbol e}_1)}^2-L_{BD}^2 \, , \, {({\boldsymbol e}_3 - {\boldsymbol e}_2)}^2-L_{CD}^2 \right )}^{\textrm {T}}\label {autoeq:6}\end {align}


$3n_p$


$i$


${\boldsymbol e}_1,{\boldsymbol e}_2$


${\boldsymbol e}_3$


\begin {equation}\label {ieq11} {\boldsymbol r}_{Ai} = c_{i_1}{\boldsymbol e}_1 + c_{i_2}{\boldsymbol e}_2 + c_{i_3}{\boldsymbol e}_3 \quad \rightarrow \quad {\boldsymbol \Lambda }_i = {\boldsymbol C}_i {\boldsymbol q} \quad \mbox {for} \quad i = 1,..,n_{p}\end {equation}


$d=n-m=6$


$3\times n$


${\boldsymbol C}_i$


$n_p$


${\boldsymbol c}_i={(c_{i_1},c_{i_2},c_{i_3})}^{\textrm {T}}$


\begin {align}\label {autoeq:7} {\boldsymbol G}{\boldsymbol c}_i={\boldsymbol b}_i \, , \quad \mbox {with} \quad {\boldsymbol G} &= \left ( \begin {array}{ccc} {\boldsymbol e}_{1}^{2} & {\boldsymbol e}_{1}\cdot {\boldsymbol e}_{2} & {\boldsymbol e}_{1}\cdot {\boldsymbol e}_{3} \\ \mbox {symm} & {\boldsymbol e}_{2}^{2} & {\boldsymbol e}_2\cdot {\boldsymbol e}_3 \\ \mbox {symm} & \mbox {symm} & {\boldsymbol e}_{3}^{2} \end {array} \right ) \quad \mbox {and} \\ \nonumber {\boldsymbol b}_i &= \left \{ \begin {array}{c} {\boldsymbol r}_{Ai}\cdot {\boldsymbol e}_{1} \\ {\boldsymbol r}_{Ai}\cdot {\boldsymbol e}_{2}\\ {\boldsymbol r}_{Ai}\cdot {\boldsymbol e}_{3} \end {array} \right \} \quad ,\end {align}


${\boldsymbol C}_i$


\begin {equation}\label {ieq12} {\boldsymbol C}_i\! =\! {\left ( (c_{i_1}+c_{i_2}+c_{i_3}-1){\boldsymbol 1} , \, -c_{i_1} {\boldsymbol 1} , \, -c_{i_2} {\boldsymbol 1} , \, -c_{i_3} {\boldsymbol 1} , \, {\boldsymbol 0} , \, \ldots , \, {\boldsymbol 0} , \, \underset { \begin {array}{c}\uparrow \\ i \end {array}}{\boldsymbol 1} , \, {\boldsymbol 0} , \, \ldots , \, {\boldsymbol 0} \right )}_{3\times n}\end {equation}


${\boldsymbol \Phi }({\boldsymbol q})\in \mathbbm {R}^4$


${\boldsymbol z}({\boldsymbol q})$


\begin {equation}\label {ieq13} {\boldsymbol \Phi }({\boldsymbol q}) = \left \{ \begin {array}{c} x_1^2 + z_1^2 - L_{A1}^2 \\ {(x_2-x_1)}^2 + {(z_2-z_1)}^2 - L_{12}^2 \\ {(x_3-x_2)}^2 + {(z_3-z_2)}^2 - L_{23}^2 \\ {(x_3-1)}^2 + {(z_2)}^2 - L_{3B}^2 \end {array} \right \} \quad , \quad {\boldsymbol z}({\boldsymbol q}) = \left \{ \begin {array}{c} z_2 \\ x_3 \end {array} \right \}\end {equation}


${\boldsymbol z}_{\rho _0}$


$\rho =L_{A1}$


\begin {align}&\left ( \begin {array}{c} {\boldsymbol \Phi }_{{\boldsymbol q}_{0}} \\ {\boldsymbol z}_{{\boldsymbol q}_0} \end {array} \right ) {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} -{\boldsymbol \Phi }_{\rho _{0}}\\ {\boldsymbol z}_{\rho _{0}} \end {array} \right \}\label {autoeq:8}\\ &\left ( \begin {array}{cccccc} 2x_{1_0} & 2z_{1_0} & 0 & 0 & 0 & 0 \\ -2(x_{2_0}-x_{1_0}) & -2(z_{2_0}-z_{1_0}) & 2(x_{2_0}-x_{1_0}) & 2(z_{2_0}-z_{1_0}) & 0 & 0 \\ 0 & 0 & -2(x_{3_0}-x_{2_0}) & -2(z_{3_0}-z_{2_0}) & 2(x_{3_0}-x_{2_0}) & 2(z_{3_0}-z_{2_0}) \\ 0 & 0 & 0 & 0 & 2(x_{3_0}-1) & 2z_{3_0} \\ 0 & 0 & 0 & 1 & 0 & 0 \\ 0 & 0 & 0 & 0 & 1 & 0 \end {array} \right ) {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} 2L_{A1} \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \end {array} \right \} \label {autoeq:9}\\ &\left ( \begin {array}{cccccc} -2 & -2 & 0 & 0 & 0 & 0 \\ -3 & 2 & 3 & -2 & 0 & 0 \\ 0 & 0 & -3 & -2 & 3 & 2 \\ 0 & 0 & 0 & 0 & 2 & -2 \\ 0 & 0 & 0 & 1 & 0 & 0 \\ 0 & 0 & 0 & 0 & 1 & 0 \end {array} \right ) {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} 2\sqrt {2} \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \end {array} \right \} \quad \rightarrow \quad {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} -0.5657\\ -0.8485 \\ 0 \\ 0 \\ 0 \\ 0 \end {array} \right \}\label {autoeq:10}\end {align}


\begin {align}&\left ( \begin {array}{c} {\boldsymbol \Phi }_{{\boldsymbol q}_{0}} \\ {\boldsymbol z}_{{\boldsymbol q}_0} \end {array} \right ) {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} -{\boldsymbol \Phi }_{\rho _{0}}\\ {\boldsymbol z}_{\rho _{0}} \end {array} \right \}\label {autoeq:8}\\ &\left ( \begin {array}{cccccc} 2x_{1_0} & 2z_{1_0} & 0 & 0 & 0 & 0 \\ -2(x_{2_0}-x_{1_0}) & -2(z_{2_0}-z_{1_0}) & 2(x_{2_0}-x_{1_0}) & 2(z_{2_0}-z_{1_0}) & 0 & 0 \\ 0 & 0 & -2(x_{3_0}-x_{2_0}) & -2(z_{3_0}-z_{2_0}) & 2(x_{3_0}-x_{2_0}) & 2(z_{3_0}-z_{2_0}) \\ 0 & 0 & 0 & 0 & 2(x_{3_0}-1) & 2z_{3_0} \\ 0 & 0 & 0 & 1 & 0 & 0 \\ 0 & 0 & 0 & 0 & 1 & 0 \end {array} \right ) {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} 2L_{A1} \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \end {array} \right \} \label {autoeq:9}\\ &\left ( \begin {array}{cccccc} -2 & -2 & 0 & 0 & 0 & 0 \\ -3 & 2 & 3 & -2 & 0 & 0 \\ 0 & 0 & -3 & -2 & 3 & 2 \\ 0 & 0 & 0 & 0 & 2 & -2 \\ 0 & 0 & 0 & 1 & 0 & 0 \\ 0 & 0 & 0 & 0 & 1 & 0 \end {array} \right ) {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} 2\sqrt {2} \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \end {array} \right \} \quad \rightarrow \quad {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} -0.5657\\ -0.8485 \\ 0 \\ 0 \\ 0 \\ 0 \end {array} \right \}\label {autoeq:10}\end {align}


\begin {align}&\left ( \begin {array}{c} {\boldsymbol \Phi }_{{\boldsymbol q}_{0}} \\ {\boldsymbol z}_{{\boldsymbol q}_0} \end {array} \right ) {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} -{\boldsymbol \Phi }_{\rho _{0}}\\ {\boldsymbol z}_{\rho _{0}} \end {array} \right \}\label {autoeq:8}\\ &\left ( \begin {array}{cccccc} 2x_{1_0} & 2z_{1_0} & 0 & 0 & 0 & 0 \\ -2(x_{2_0}-x_{1_0}) & -2(z_{2_0}-z_{1_0}) & 2(x_{2_0}-x_{1_0}) & 2(z_{2_0}-z_{1_0}) & 0 & 0 \\ 0 & 0 & -2(x_{3_0}-x_{2_0}) & -2(z_{3_0}-z_{2_0}) & 2(x_{3_0}-x_{2_0}) & 2(z_{3_0}-z_{2_0}) \\ 0 & 0 & 0 & 0 & 2(x_{3_0}-1) & 2z_{3_0} \\ 0 & 0 & 0 & 1 & 0 & 0 \\ 0 & 0 & 0 & 0 & 1 & 0 \end {array} \right ) {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} 2L_{A1} \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \end {array} \right \} \label {autoeq:9}\\ &\left ( \begin {array}{cccccc} -2 & -2 & 0 & 0 & 0 & 0 \\ -3 & 2 & 3 & -2 & 0 & 0 \\ 0 & 0 & -3 & -2 & 3 & 2 \\ 0 & 0 & 0 & 0 & 2 & -2 \\ 0 & 0 & 0 & 1 & 0 & 0 \\ 0 & 0 & 0 & 0 & 1 & 0 \end {array} \right ) {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} 2\sqrt {2} \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \end {array} \right \} \quad \rightarrow \quad {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} -0.5657\\ -0.8485 \\ 0 \\ 0 \\ 0 \\ 0 \end {array} \right \}\label {autoeq:10}\end {align}


${\boldsymbol \Phi }({\boldsymbol q})\in \mathbbm {R}^3$


${\boldsymbol \Lambda }({\boldsymbol q})\in \mathbbm {R}^5$


\begin {align}\label {ieq14} {\boldsymbol \Phi }({\boldsymbol q}) &= \left \{ \begin {array}{c} x_1^2 + z_1^2 - L_{A1}^2 \\ {(x_3-x_2)}^2 + {(z_3-z_2)}^2 - L_{23}^2 \\ {(x_3-1)}^2 + {(z_2)}^2 - L_{3B}^2 \end {array} \right \} \, , \, {\boldsymbol \Lambda }({\boldsymbol q})= \left \{ \begin {array}{c} {(x_2-x_1)}^2 + {(z_2-z_1)}^2 - L_{12}^2 \\ -\frac {x_1}{2} - \frac {x_2}{2} + x_4 \\ -\frac {z_1}{2} - \frac {z_2}{2} + z_4 \\ {(x1-1)}^2 + z_1^2 - L_{B1}^2 \\ {(x2-1)}^2 + z_2^2 - L_{B2}^2 \end {array} \right \}\end {align}


$d_s=0$


${\boldsymbol z}({\boldsymbol q}), {\boldsymbol z}_{{\boldsymbol q}_0}, {\boldsymbol z}_{\rho _0}$


$\dot {\boldsymbol z}_{\rho _0}$


\begin {align}\left ( \begin {array}{c} {\boldsymbol \Phi }_{{\boldsymbol q}_{0}} \\ {\boldsymbol \Lambda }_{{\boldsymbol q}_{0}} \end {array} \right ) {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} -{\boldsymbol \Phi }_{\rho _{0}}\\ -{\boldsymbol \Lambda }_{\rho _{0}} \end {array} \right \}\label {autoeq:11}\end {align}


\begin {align}&\left ( \begin {array}{cccccccc} 2x_{1_0} & 2z_{1_0} & 0 & 0 & 0 & 0 & 0 & 0 \\ 0 & 0 & -2(x_{3_0}-x_{2_0}) & -2(z_{3_0}-z_{2_0}) & 2(x_{3_0}-x_{2_0}) & 2(z_{3_0}-z_{2_0}) & 0 & 0 \\ 0 & 0 & 0 & 0 & 2(x_{3_0}-1) & 2z_{3_0} & 0 & 0 \\ -2(x_{2_0}-x_{1_0}) & -2(z_{2_0}-z_{1_0}) & 2(x_{2_0}-x_{1_0}) & 2(z_{2_0}-z_{1_0}) & 0 & 0 & 0 & 0 \\ -\frac {1}{2} & 0 & -\frac {1}{2} & 0 & 0 & 0 & 1 & 0 \\ 0 & -\frac {1}{2} & 0 & -\frac {1}{2} & 0 & 0 & 0 & 1 \\ 2(x_{1_0}-1) & 2 z_{1_0} & 0 & 0 & 0 & 0 & 0 & 0 \\ 0 & 0 & 2(x_{2_0}-1) & 2 z_{2_0} & 0 & 0 & 0 & 0 \end {array} \right ) {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} 2L_{A1} \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \end {array} \right \}\label {autoeq:12}\\ &\left ( \begin {array}{cccccccc} -2 & -2 & 0 & 0 & 0 & 0 & 0 & 0 \\ 0 & 0 & -3 & -2 & 3 & 2 & 0 & 0 \\ 0 & 0 & 0 & 0 & 2 & -2 & 0 & 0 \\ -3 & 2 & 3 & -2 & 0 & 0 & 0 & 0 \\ -\frac {1}{2} & 0 & -\frac {1}{2} & 0 & 0 & 0 & 1 & 0 \\ 0 & -\frac {1}{2} & 0 & -\frac {1}{2} & 0 & 0 & 0 & 1 \\ -4 & -2 & 0 & 0 & 0 & 0 & 0 & 0 \\ 0 & 0 & -1 & -4 & 0 & 0 & 0 & 0 \end {array} \right ) {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} 2\sqrt {2} \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \end {array} \right \} \quad \rightarrow \quad {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} 1.4142 \\ -2.8284 \\ 2.8284 \\ -0.7071 \\ 1.4142 \\ 1.4142 \\ 2.1213 \\ -1.7678 \end {array} \right \} \label {autoeq:13}\end {align}


\begin {align}&\left ( \begin {array}{cccccccc} 2x_{1_0} & 2z_{1_0} & 0 & 0 & 0 & 0 & 0 & 0 \\ 0 & 0 & -2(x_{3_0}-x_{2_0}) & -2(z_{3_0}-z_{2_0}) & 2(x_{3_0}-x_{2_0}) & 2(z_{3_0}-z_{2_0}) & 0 & 0 \\ 0 & 0 & 0 & 0 & 2(x_{3_0}-1) & 2z_{3_0} & 0 & 0 \\ -2(x_{2_0}-x_{1_0}) & -2(z_{2_0}-z_{1_0}) & 2(x_{2_0}-x_{1_0}) & 2(z_{2_0}-z_{1_0}) & 0 & 0 & 0 & 0 \\ -\frac {1}{2} & 0 & -\frac {1}{2} & 0 & 0 & 0 & 1 & 0 \\ 0 & -\frac {1}{2} & 0 & -\frac {1}{2} & 0 & 0 & 0 & 1 \\ 2(x_{1_0}-1) & 2 z_{1_0} & 0 & 0 & 0 & 0 & 0 & 0 \\ 0 & 0 & 2(x_{2_0}-1) & 2 z_{2_0} & 0 & 0 & 0 & 0 \end {array} \right ) {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} 2L_{A1} \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \end {array} \right \}\label {autoeq:12}\\ &\left ( \begin {array}{cccccccc} -2 & -2 & 0 & 0 & 0 & 0 & 0 & 0 \\ 0 & 0 & -3 & -2 & 3 & 2 & 0 & 0 \\ 0 & 0 & 0 & 0 & 2 & -2 & 0 & 0 \\ -3 & 2 & 3 & -2 & 0 & 0 & 0 & 0 \\ -\frac {1}{2} & 0 & -\frac {1}{2} & 0 & 0 & 0 & 1 & 0 \\ 0 & -\frac {1}{2} & 0 & -\frac {1}{2} & 0 & 0 & 0 & 1 \\ -4 & -2 & 0 & 0 & 0 & 0 & 0 & 0 \\ 0 & 0 & -1 & -4 & 0 & 0 & 0 & 0 \end {array} \right ) {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} 2\sqrt {2} \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \\ 0 \end {array} \right \} \quad \rightarrow \quad {\boldsymbol q}_{\rho _0} = \left \{ \begin {array}{c} 1.4142 \\ -2.8284 \\ 2.8284 \\ -0.7071 \\ 1.4142 \\ 1.4142 \\ 2.1213 \\ -1.7678 \end {array} \right \} \label {autoeq:13}\end {align}


\begin {align}&{\boldsymbol r}_{Ai} = c_{i} {\boldsymbol e} \quad \rightarrow \quad {\boldsymbol \Lambda }_{i}={\boldsymbol C}_{i}{\boldsymbol q} \quad , \quad i = 1,..,n_{p} \notag \\ &\mbox {with} \quad {\boldsymbol C}_i = {\left ( (c_{i}-1){\boldsymbol 1} \, , \, -c_{i} {\boldsymbol 1} \, , \, {\boldsymbol 0} \, , \, \ldots \, , \, {\boldsymbol 0} \, , \, \underset { \begin {array}{c}\uparrow \\ i \end {array}}{\boldsymbol 1} \, , \, {\boldsymbol 0} \, , \, \ldots \, , \, {\boldsymbol 0} \right )}_{3\times n} \notag \\ &\mbox {and} \quad c_{i} = \frac {{\boldsymbol r}_{Ai}\cdot {\boldsymbol e}}{L_{AB}^{2}} \, ,\label {autoeq:5}\end {align}
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motion directly with respect to the design parameters and solving the 

resulting sensitivity equations forward in time, coupled with or after 

the original (primal) dynamic equations. The AVM, in contrast, intro­

duces adjoint variables and solves a backward-in-time system of adjoint 

equations, offering computational efficiency benefits, especially when 

the number of design parameters is large compared to the number 

of objective functions or constraints. The derivatives involved in both 

DDM and AVM can be performed analytically, numerically, or with 

automatic differentiation [5]. Reference [6] describes a very efficient 

implementation of these techniques, applied to academic and practi­

cal engineering examples, especially when a large number of design 

variables is involved.

Regardless of the specific sensitivity method, the accurate compu­

tation of the sensitivities over the entire time history of the dynamic 

response depends on the initial conditions of the sensitivity equations. 

These initial sensitivities represent the derivatives of the initial state 

(initial positions and velocities) with respect to the design parameters. 

Although critical for initiating the time integration of the sensitiv­

ity equations and thus obtaining accurate gradients for optimization, 

the computation of these initial sensitivities is often considered an 

implementation detail in the literature [5,7,8] and is not fully detailed.

Flexible bodies introduce additional degrees of freedom whose initial 

sensitivities have to be defined somehow. In many cases, the computa­

tion of their initial values is not an issue, since the parameters are not 

relevant to them (e.g., the sensitivity of initial positions and velocities 

with respect to material properties, or particular geometric parameters); 

in these cases, which appear in many of the popular examples found in 

the literature, sensitivities can be assumed to be null [8–13]. This issue 

will be discussed further in Section 3.

In cases where these initial sensitivities are foreseeing to be not null, 

a common and simple approach is to consider initially rigid deformable 

bodies [7,9], without fully explain the motivation and applicability. 

Indeed, this choice naturally appears when a floating frame of reference 

(FFR) is employed, since the floating frame directly enforces the initial 

rigid-body kinematics (rigid translations and rotations) [14]. But the sit­

uation is not so simple when absolute coordinates are employed, as is 

the case when using finite elements with a fully nonlinear formulation, 

for instance. In this case, this approach requires specialized formulations 

that are typically omitted from the literature. Although these formula­

tions are quite simple, their careful development and implementation 

are crucial.

This paper focuses on these key aspects and presents a specific pro­

posal for the systematic analysis of the initial sensitivity computation 

for FMBS dynamics. To the best of the author’s knowledge, despite its 

importance, such a systematic attempt has not been reported in the 

literature.

The outline of the paper is as follows. Section 2 describes the gen­

eral setup of the sensitivity analysis in Multibody Dynamics. Section 3 

discusses the relevance and complexity of the calculation of initial sen­

sitivities, both from purely rigid to deformable MBS, while Section 4 

proposes a simple procedure for including initially rigid flexible bodies. 

Finally, Section 5 draws some final conclusions.

2 . Sensitivity analysis in multibody dynamics

Let us consider a flexible MBS parametrized with 𝑛 coordinates and 

velocities grouped in vectors 𝒒 and 𝒒̇ ∈ R𝑛. These coordinates could 

be diverse: positions and slopes at selected points (as in the ANCF for­

mulation), Cartesian absolute coordinates of points and unit vectors 

(natural coordinates), or just Cartesian absolute coordinates of points (as 

employed in isoparametric finite elements). Coordinates 𝒒 could be de­

pendent through a set of holonomic constraints 𝚽(𝒒, 𝑡) ∈ ℝ𝑚. Employing 

the notation (⋅)□ = 𝜕(⋅)∕𝜕□, the equations of motion of such a system 

are expressed by the index−3 DAE system: 

𝑴𝒒̈ +𝚽T
𝒒𝝀 = 𝑸, 𝚽 = 𝟎 + initial conditions 𝒒0, 𝒒̇0,𝝀0 (1)

𝑴  being the 𝑛×𝑛 mass matrix, 𝝀 ∈ ℝ𝑚 being a set of Lagrange multipliers 

and 𝑸 ∈ ℝ𝑛 a vector grouping the external forces plus possible velocity 

dependent inertia forces. For certain types of coordinates (e.g., Cartesian 

absolute coordinates of selected points), these velocity dependent inertia 

forces could be null and therefore the mass matrix could be constant. The 

system represented by (1) has 𝑑 = 𝑛−𝑟 Degrees of Freedom (DOFs), being 

𝑟 = 𝑟𝑎𝑛𝑘(𝚽𝒒). In what follows, we will consider that these constraints are 

independent, thus 𝑟 = 𝑚.

On the other hand, let us consider a parameter 𝜌 ∈ ℝ, which can 

be diverse too: geometric (may be a distance, etc.) or constitutive (the 

stiffness of a spring, material properties of the material a flexible body is 

made of, etc.). The consideration of several parameters simultaneously 

with a vector 𝝆 ∈ ℝ𝑝 with 𝑝 > 1 is perfectly possible but obscures the 

mathematical expressions to be considered without adding a valuable 

insight to the proposal.  What is more, we will assume that the initial 

conditions 𝒒0, 𝒒̇0 and 𝝀0 in (1) are given and are not parameters of the 

problem. 

Sensitivity analysis is usually the initial stage of an optimization 

process of a dynamical system, looking for the stationary point of an 

objective functional 𝜓 , with the general expression: 

𝜓(𝒒(𝑡), 𝒒̇(𝑡), 𝒒̈(𝑡),𝝀(𝑡), 𝜌) = ∫

𝑡𝐹

𝑡0
𝑔(𝒒, 𝒒̇, 𝒒̈,𝝀, 𝜌) d𝑡 (2)

This problem is typically solved employing a gradient method, that re­

quires the computation of the derivative of the funcional with respect to 

the parameter; applying the chain rule: 

𝜓𝜌 = ∫

𝑡𝐹

𝑡0

[

𝑔𝒒𝒒𝜌 + 𝑔𝒒̇ 𝒒̇𝜌 + 𝑔𝒒̈ 𝒒̈𝜌 + 𝑔𝝀𝝀𝜌 + 𝑔𝝆
]

d𝑡, (3)

where 𝒒𝜌(𝑡), 𝒒̇𝜌(𝑡), 𝒒̈𝜌(𝑡) ∈ ℝ𝑛 and 𝝀𝜌(𝑡) ∈ ℝ𝑚 are the sensitivities of 

𝒒(𝑡), 𝒒̇(𝑡), 𝒒̈(𝑡) and 𝝀(𝑡) respectively. In the direct approach (DDM) these 

sensitivities are obtained by solving the so-called Tangent Linear Model, 

which results from taking the derivative of the equations of motion (1) 

with respect to the parameter:

𝑴𝒒̈𝜌 + 𝑪̂𝒒̇𝜌 + 𝑲̂𝒒𝜌 +𝚽T
𝒒𝝀𝜌 = 𝑸̂, 𝚽𝒒𝒒𝜌 +𝚽𝜌 = 𝟎

+ initial conditions 𝒒𝜌0 , 𝒒̇𝜌0 ,𝝀𝜌0 (4)

which is a linear differential system with time-dependent co­

efficients 𝑴(𝒒(𝑡), 𝑡), 𝑪̂(𝒒(𝑡), 𝒒̇(𝑡), 𝑡), 𝑲̂(𝒒(𝑡), 𝒒̇(𝑡), 𝒒̈(𝑡),𝝀(𝑡), 𝑡), and 

𝑸̂(𝒒(𝑡), 𝒒̇(𝑡), 𝒒̈(𝑡),𝝀(𝑡), 𝑡). Their precise form can be found, for instance, in 

[15]. Note that constraints 𝚽 and their derivatives 𝚽𝒒 ,𝚽𝒒𝒒 ,𝚽𝒒𝜌 and 𝚽𝜌
are embedded in these terms.

The dynamic equations (1) and the sensitivity equations (4) are typi­

cally solved numerically using time integration schemes. The sensitivity 

analysis can be performed simultaneously or after the dynamic analysis.

3 . The challenge of initial sensitivities

The time integration of the sensitivity equations (4) requires initial 

conditions for the sensitivities, which are critical for the accuracy of 

the sensitivity analysis over the entire time interval. While the over­

all framework in the context of DAEs is established, the practical steps 

and potential challenges in defining the correct starting values for the 

sensitivities are often not elaborated upon.

Constraints should always be satisfied for any value of 𝜌; for 𝑡 = 0
too, such that the following identities must hold:

d𝚽
d𝜌

|

|

|

|

|0
= 𝟎 →

(

𝚽𝒒𝒒𝜌
)

|

|

|0
= −𝚽𝜌

|

|

|0
(5)

d𝚽̇
d𝜌

|

|

|

|

|0
= 𝟎 →

(

𝚽𝒒 𝒒̇𝜌
)

|

|

|0
=

(

−(𝚽𝒒𝒒𝜌)𝒒 𝒒̇ −𝚽𝑡𝒒𝒒𝜌 −𝚽𝒒𝜌𝒒̇ −𝚽𝑡𝜌

)

|

|

|

|0
(6)

Systems (5) and (6) have 𝑚 equations each and allow to compute the ini­

tial sensitivities 𝒒𝜌0  and 𝒒̇𝜌0  respectively, provided that 𝑛 = 𝑚. However, 
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this is not the case for most systems, which have 𝑑 = 𝑛 − 𝑚 ≠ 0
DOFs. What is more, flexible systems, as will be discussed in the next 

section, may require the addition of 𝑚𝑟 special constraints 𝚲(𝒒) ∈ ℝ𝑚𝑟 , 
which when derived with respect to the parameter, provide two sets 

of equations similar to (5) and (6). These constraints are special in the 

sense that they are active just for 𝑡 = 0, for the computation of the initial 

sensitivities.

Finally, in order to solve the expanded system that accounts for con­

straints 𝚽 and 𝚲, additional 𝑑𝑠 = 𝑑 − 𝑚𝑟 equations must be added to 

select the remaining degrees of freedom which we denote as Sensitivity 

Degrees of Freedom (SDOFs). In order to do this, it is necessary first to 

define a set of coordinates 𝒛(𝒒) ∈ ℝ𝑑𝑠  that will represent these SDOFs, 

through a general set of 𝑑𝑠 nonlinear independent equations. These, de­

rived with respect to the parameter, provide the required additional two 

sets of 𝑑𝑠 equations:

d𝒛
d𝜌

|

|

|

|0
= 𝒛𝜌0 →

(

𝒛𝒒𝒒𝜌
)

|

|

|0
= 𝒛𝜌0

d𝒛̇
d𝜌

|

|

|

|0
= 𝒛̇𝜌0 →

(

𝒛𝒒 𝒒̇𝜌 + (𝒛𝒒𝒒𝜌)𝒒 𝒒̇
)

|

|

|

|0
= 𝒛̇𝜌0 (7)

where their initial values have been collected in vectors 𝒛𝜌0  and 𝒛̇𝜌0 ∈
ℝ𝑑𝑠 . The global systems can be written in compact form:

𝑨𝒒𝜌0 =

⎧

⎪

⎨

⎪

⎩

−𝚽𝜌0
−𝚲𝜌0
𝒛𝜌0

⎫

⎪

⎬

⎪

⎭

(8)

𝑨𝒒̇𝜌0 =

⎧

⎪

⎨

⎪

⎩

−(𝚽𝒒0𝒒𝜌0 )𝒒0 𝒒̇0 −𝚽𝑡𝒒0𝒒𝜌0 −𝚽𝒒𝜌0 𝒒̇0 −𝚽𝑡𝜌0
−(𝚲𝒒0𝒒𝜌0 )𝒒0 𝒒̇0

−(𝒛𝒒0𝒒𝜌0 )𝒒0 𝒒̇0 + 𝒛̇𝜌0

⎫

⎪

⎬

⎪

⎭

(9)

which are two systems of 𝑛 algebraic linear equations each, sharing the 

same coefficient matrix 𝑨 of size 𝑛 × 𝑛: 

𝑨 =
⎛

⎜

⎜

⎝

𝚽𝒒0
𝚲𝒒0
𝒛𝒒0

⎞

⎟

⎟

⎠

(10)

Solving (8) and (9) for 𝒒𝜌0  and 𝒒̇𝜌0  respectively, vectors 𝒒̈𝝆0  and 𝝀𝝆0  can 

be computed through the dynamic sensitivities, see [16].

Remark 3.1. The 𝑑𝑠 × 𝑛 matrix 𝒛𝒒0  is often denoted as 𝑩 [16,17]. Note 

that if 𝒛(𝒒) is linear, matrix 𝒛𝒒0  does not depend on 𝒒0 and 𝒛𝒒𝒒0  is 

null, and the final systems (8) and (9) in this case take a simpler form. 

Furthermore, note that if the SDOFs are a subset of the DOFs, matrix 𝒛𝒒0
is Boolean.

It is very important to note that the presence of deformable parts 

may cause the number of SDOFs to be different from the number of 

DOFs (𝑑𝑠 ≠ 𝑑). Furthermore, the specific identification of the SDOFs of 

the problem, defined by 𝒛(𝒒) (and consequently matrix 𝒛𝒒0 ), and their 

associated initial sensitivity values 𝒛𝜌0  and 𝒛̇𝜌0  may not be unique and 

are crucial to the process.

In this context, it is handy to introduce the concept of Perturbed 

Initial Model (PIM).  For a given parameter, each PIM leads to differ­

ent sensitivity results through the related initial sensitivity conditions. 

Specifically, a PIM is defined as a mechanical model with the following 

characteristics:

• It is only defined at 𝑡 = 0.

• It is identical to the original system but incorporates a variation of 

the selected parameter.

• It incorporates 𝑚𝑟 additional constraints 𝚲(𝒒) ∈ ℝ𝑚𝑟  to the orig­

inal ones 𝚽(𝒒) ∈ ℝ𝑚 when flexible bodies are present and are 

considered initially undeformed.

• It has 𝑑𝑠 = 𝑑 −𝑚𝑟 degrees of freedom named Sensitivity Degrees of 

Freedom (SDOFs).

Fig. 1. Workflow for the calculation of initial sensitivities.

Note that the concept of a PIM naturally emerges when evaluating the 

sensitivities with a finite-difference technique, but could be overlooked 

when using analytical approaches. It is important to stress that the utility 

of the PIM does not extend beyond 𝑡 = 0, and may incorporate con­

straints additional to those of the original system. Observe that the initial 

sensitivities are obtained by solving systems (8) and (9) provided the 

analyst defines 𝑑𝑠 initial sensitivities, typically motivated for practical 

physical reasons (e.g, operational limitations of the experimental setup, 

etc.), thus choosing among different possible PIMs.

Based on the previous concepts, the general workflow for the cal­

culation of the initial sensitivities is shown in Fig. 1. Note that the first 

relevant aspect is to evaluate whether a variation in the parameter could 

affect any of the coordinates 𝒒 ∈ ℝ𝑛 of the model. If there is no effect, 

the initial sensitivities are null and no further calculation is necessary. 

This would be the case, for instance, when the parameter is not geomet­

ric (such as the elastic modulus of the material of a flexible body) or 

affects the internal geometry (such as the section of a bar or the natural 

length of a spring).

Next sections will illustrate these concepts for both rigid and flexi­

ble systems with particular examples, assuming from the start that the 

parameter could affect the coordinates and, therefore, the calculation of 

the initial sensitivities is not trivial. 

3.1 . Rigid MBS

We conceive a rigid MBS as composed only by rigid bodies. Discrete 

springs and dampers will be considered a special class of deformable 

bodies, with no inertia, and therefore excluded from these systems. In 

addition, we will assume that the initial conditions 𝒒0 and 𝒒̇0 of the 

dynamic problem are given and are not parameters. As explained in the 

previous Section, no additional constraints 𝚲 are necessary in this type 

of system, and thus the PIMs have the same SDOFs (𝑑𝑠) as DOFs of the 

original model (𝑑).

To illustrate the analysis, we will employ the representative example 

of the five-bar mechanism [18–20] shown in Fig. 2, with 𝑘1 = 𝑘2 =
0. The masses are 𝑚𝐴−1 = 𝑚3−𝐵 = 1 kg and 𝑚1−2 = 𝑚2−3 = 1.5 kg. 

The model is contained in the fixed vertical plane 𝑋𝑍 and it is released 

from rest under the action of gravity 𝑔 = 9.81 m/s2. In the 2D space, 

the model is represented by the 𝑛 = 3 × 2 = 6. Cartesian coordinates 

of points 1, 2, 3 grouped in the vector 𝒒 = (𝑥1, 𝑧1, 𝑥2, 𝑧2, 𝑥3, 𝑧3)
T ∈ ℝ6

that are related by a set of 𝑚 = 4 independent constraints that enforce 

the constant distances between 𝐴-1, 1-2, 2-3 and 3-𝐵. Thus, the model 

has 𝑑 = 𝑛 − 𝑚 = 6 − 4 = 2 DOFs and the same number 𝑑𝑠 of SDOFs. 
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Fig. 2. Five-bar mechanism, adapted from [18].

Fig. 3. Rigid MBS. Three different possible PIMs, all with 𝑛𝑠 = 𝑛. Incremental 

𝐿𝐴1 represented by a hollow segment.

As explained previously, the user must define the SDOFs and define its 

initial values providing equations (7). The definition of SDOFs should 

be based on physical reasons, depending on how the system would be 

perturbed in reality, and it will be associated with an specific PIM. We 

will illustrate the situation with the example, computing the sensitivity 

of the vertical position of the point 2 with respect to the length of the bar 

𝐴-1, denoted by 𝐿𝐴1. We will assume that 𝒛̇𝜌0 = 𝟎 and, in consequence, 

system (9) stablishes that the initial sensitivity velocities 𝒒̇𝜌0  are null, 

since 𝚽𝑡 = 𝟎 and 𝒒̇0 = 𝟎. Among many, the three different PIMs of Fig. 3 

may be considered: 

R1. The points 2 and 3 keep their positions. As a consequence, point 

1 is initially displaced to accommodate the perturbed length 𝐿𝐴1. 
One choice for vector 𝒛(𝒒) is: 

𝒛(𝒒) =
{

𝑧2
𝑥3

}

→ 𝒛𝒒0 =
(

0 0 0 1 0 0
0 0 0 0 1 0

)

, 𝒛𝜌0 =
{

0
0

}

(11)

that identifies (𝑧2, 𝑥3) as the SDOFs and set their initial sensitivities 

to null. Note that in this case the SDOFs are a subset of the DOFs, 

so matrix 𝒛𝒒0  is Boolean. The detailed equations and the solution 

is presented in Appendix A.1.

R2. Point 3 keeps its position and point 1 is horizontally displaced. As 

a consequence, as seen in Fig. 3, point 2 should move upwards and 

leftwards to accommodate the perturbed length 𝐴-1. This means 

that the initial sensitivity of its vertical position will be positive. 

One choice for vector 𝒛(𝒒) is: 

𝒛(𝒒) =
{

𝑧1
𝑥3

}

→ 𝒛𝒒0 =
(

0 1 0 0 0 0
0 0 0 0 1 0

)

, 𝒛𝜌0 =
{

0
0

}

(12)

R3. Point 3 keeps its position and point 1 is initially vertically dis­

placed. As a consequence, as seen in Fig. 3, point 2 should move 

downwards and rightwards to accommodate the perturbed length 

𝐴-1. This means that the initial sensitivity of its vertical position 

Fig. 4. Five bar mechanism without springs. Sensitivity of the vertical coordinate 

of point 2respect𝐿𝐴1(length of bar 𝐴 − 1). 

will be negative. One choice for vector 𝒛(𝒒) is: 

𝒛(𝒒0) =
{

𝑥1
𝑥3

}

→ 𝒛𝒒0 =
(

1 0 0 0 0 0
0 0 0 0 1 0

)

, 𝒛𝜌0 =
{

0
0

}

(13)

Fig. 4 shows that Equations (8) sets different values for the initial 

sensitivity for each case, producing a completely different evolution of 

the sensitivity over time.

3.2 . Flexible MBS: five-bar mechanism

The presence of flexible bodies substantially affects how the different 

PIMs should be defined. To illustrate this situation, we will consider the 

five-bar mechanism of the previous example but incorporate massless 

linear springs between points 𝐵-1 and 𝐵-2 and an elastic beam, with the 

formulation described in [21,22], which replaces bar 1-2, discretized in 

two segments as shown in Fig. 5. Any other beam model could be incor­

porated without loss of generality. The natural lengths of the springs are 

such that both are, for the nominal dynamic problem, initially unloaded, 

and the beam 1-2, with elastic constants 𝐸 = 206.94 GPa and 𝜈 = 0.288, is 

initially undeformed. Due to its specific formulation, the discretization 

of the beam in two segments just adds the two Cartesian coordinates of 

the midpoint 4, such that 𝒒 = (𝑥1, 𝑧1, 𝑥2, 𝑧2, 𝑥3, 𝑧3, 𝑥4, 𝑧4)
T ∈ ℝ8 and the 

dynamics has 𝑑 = 𝑛−𝑚 = 8−3 = 5 DOFs. The cross section of the beam is 

a square with side of 0.01031 m and the density of the material is 7829.0
kgm-3, which provides the same mass as the rigid bar.

In this case, 𝑑𝑠 could be different from 𝑑 if some of the flexible bodies 

are initially undeformed. The situation will be illustrated by the five-

bar mechanism of Fig. 5, with the objective of performing a sensitivity 

analysis of the vertical coordinate of the point 2. Among many, we will 

consider 6 different PIMs depicted in Figs. 6 and 8:

Fig. 5. Flexible five-bar mechanism, adapted from [18].
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Fig. 6. Flexible MBS. Parameter 𝐿𝐴1. Three possible different PIMs. Incremental 

𝐿𝐴1 represented by a hollow segment. 𝑛𝑠 ≤ 𝑛.

Fig. 7. Flexible five bar mechanism. Sensitivity of the vertical coordinate of point 

2 respect to 𝐿𝐴1. F: flexible 1–2 bar; R: rigid 1–2 bar.

Fig. 8. Flexible MBS. Parameter 𝐿𝐵1. Three possible different PIMs. Incremental 

𝐿𝐵1 represented by a hollow segment. 𝑛𝑠 ≤ 𝑛.

• Cases F1, F2 and F3 where the parameter belongs to a rigid body; 

specifically, the length of the bar A-1 (𝐿𝐴1), which was considered 

in R1, R2 and R3 too.

• Cases F4, F5 and F6 where the parameter belongs to a deformable 

part; specifically, the natural length of the spring 𝐵-1 (𝐿𝐵1).

F1. The PIM incorporates the flexible bodies (bar 1–2 and both 

springs) undeformed. Thus, five more constraints 𝚲 ∈ ℝ5 should 

be added (three for the beam and one for each spring), such that 

𝑑𝑠 = 𝑑 − 𝑚𝑟 = 5 − 5 = 0 which means that the user can not define 

any SDOFs; all of them are initially set. This makes sense: if we 

materialize the PIM with rigid bars and undeformed springs, the 

geometry is fully determined, with no option for user intervention. 

In fact, adding a new spring of arbitrary natural length (e.g., from 

𝐴 to 2) would make impossible to materialize the perturbed system 

with all the springs undeformed. Thus, 𝒛(𝒒), 𝒛𝒒0  and 𝒛𝜌0  are absent 

from the formulation. Details are presented in Appendix A.2.

F2. In this PIM only bar 1–2 is initially undeformed; therefore three 

constaints 𝚲(𝒒) ∈ ℝ3 should be added, such that the number of 

SDOFs is 𝑑𝑠 = 5 − 3 = 2. These SDOFs are defined assuming that 

point 3 initially keeps its position, and the angle 𝛼 between bar 1–2 

and the horizontal is maintained:

𝒛(𝒒) =
{

𝑥3
arctan(𝑧1∕𝑥1)

}

𝒛𝒒0 =
⎛

⎜

⎜

⎝

0 0 0 0 1 0 0 0
−

𝑧10
𝑥210

+𝑧210

𝑥10
𝑥210

+𝑧210
0 0 0 0 0 0

⎞

⎟

⎟

⎠

,

𝒛𝜌0 =
{

0
0

}

(14)

F3. In this PIM beam 1–2 and spring B-2 are initially undeformed; 

therefore four constaints 𝚲(𝒒) ∈ ℝ4 should be added (three for 

the beam and one for the spring), such that the number of SDOFs 

is 𝑑𝑠 = 5 − 4 = 1. This SDOF is defined assuming that point 1 is 

initially vertically displaced.

𝒛(𝒒) =
{

𝑥1
}

𝒛𝒒0 =
(

1 0 0 0 0 0 0 0
)

, 𝒛𝜌0 =
{

0
}

(15)

Fig. 7 shows that each case sets different values for the initial sensitivity, 

producing a completely different evolution of the sensitivity over time. 

The Figure also includes results for the system where the flexible bar 

1–2 has been replaced by a rigid one. Is observed that it introduces a 

noticiable effect, specially in the case F3.

F4. The PIM incorporates the flexible bodies undeformed, similarly 

to F2, but in this case the parameter is the natural length 𝐿𝐵1 of 

spring B-1. This causes the PIM to be qualitatively different, as can 

be observed comparing F1 and F4 in Figs. 6 and 8 respectively. Due 

to the five constraints 𝚲(𝒒) to be added from beam and the springs, 

the number of SDOFs is 𝑑𝑠 = 5 − 5 = 0, and 𝒛(𝒒), 𝒛𝒒0  and 𝒛𝜌0  are 

absent from the formulation.

F5. In this PIM beam 1–2 and spring B-2 are initially undeformed; 

therefore four constaints 𝚲(𝒒) ∈ ℝ4 should be added (three for 

the beam and one for the spring), such that the number of SDOFs 

is 𝑑𝑠 = 5 − 4 = 1. This SDOF is defined assuming that point 1
remains in its position. Note that, since the parameter is the natural 

length 𝐿𝐵1 of spring B-1, this choice causes this spring to be initially 

deformed (prestressed). Furthermore, it causes that all points keep 

their initial positions; therefore, the initial sensitivities will result 

null. One choice for vector 𝒛(𝒒) is:

𝒛(𝒒) =
{

𝑥1
}

𝒛𝒒0 =
(

1 0 0 0 0 0 0 0
)

, 𝒛𝜌0 =
{

0
}

(16)

F6. In this PIM beam 1–2 and spring B-1 are initially undeformed; 

therefore four constaints 𝚲(𝒒) ∈ ℝ4 should be added (three for the 

beam and one for the spring), such that the number of SDOFs is 

𝑑𝑠 = 5 − 4 = 1. This SDOF is defined as the angle 𝛼 of bar 2–3 

respect to the horizontal:

𝒛(𝒒) =
{

arctan((𝑧3 − 𝑧2)∕(𝑥3 − 𝑥2)
}

𝒛𝒒0 = 𝑎
(

0 0 (𝑧30 − 𝑧20 ) − (𝑥30 − 𝑥20 ) − (𝑧30 − 𝑧20 )

(𝑥30 − 𝑥20 ) 0 0
)

𝒛𝜌0 =
{

0
}

(17)

with 𝑎 = 1∕[(𝑥30 − 𝑥20 )
2 + (𝑧30 − 𝑧20 )

2].

Fig. 9 shows that each case sets different values for the initial sensitivity, 

which produces very different evolutions in time. As in Figs. 7and 9 

also includes results for the system where the flexible bar 12 has been 

replaced by a rigid one.

All test cases are summarized in Table 1. Note that in the Perturbed 

Configuration column, assumptions regarding the initial configuration 

of the flexible parts are highlighted in red. The assumptions that allow 

the definition of the 𝑑𝑠 SDOFs and their values are in standard black 

color.
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Fig. 9. Flexible five bar mechanism. Sensitivity of the vertical coordinate of point 

2 respect to the natural length of spring 𝐵1. F: flexible 1–2 bar; R: rigid 1–2 bar.

3.3 . Flexible MBS: Deployable space structure

We consider in this example a more complex mechanism, a flexible 

space deployable structure. The model consists of a rigid cubic body 

representing a satellite and a set of rigid and deformable beams repre­

senting the solar panels. The deployment maneuver relies on the effect 

of several initially deformed parts that are suddenly released from a 

locked position. These parts are four elastic beams that are straight in the 

undeformed state but are initially deformed in a circular shape, connect­

ing the satellite body with four of the panel beams, acting as rotational 

springs.

Fig. 10(a) and (b) show a perspective from the top and a plan view 

of the satellite undeployed and fully deployed respectively. Fig. 10(a) 

allows to observe the configuration of the four springs, while Fig. 10(b) 

more clearly shows the structure of the panels.

The rotational springs are constrained to move in four different 

planes of the satellite body and are modeled by the same beam formula­

tion employed in the previous example, with 20 segments each. The eight 

panel beams 𝐴1−𝐵1, 𝐴2−𝐵2, 𝐴3−𝐵3, 𝐴4−𝐵4, 𝐴1−𝐵5, 𝐴3−𝐵7, 𝐴2−𝐵6
and 𝐴4 − 𝐵8 are modeled with the same beam formulation and 10 seg­

ments each. The four bars 𝐵1 − 𝐵2, 𝐵3 − 𝐵4, 𝐵5 − 𝐵7 and 𝐵6 − 𝐵8 are 

rigid, and the four diagonals 𝐴1 −𝐵2, 𝐴2 −𝐵8, 𝐴4 −𝐵3 and 𝐴3 −𝐵5 are 

single beam segments that deform only axially. All joints 𝐴1 to 𝐴4 and 

𝐵1 to 𝐵8 are spherical. Table 2 contains a summary of the geometric 

and material properties of the model.

Fig. 11 shows some snapshots of the movement during the first 5
s. The dynamics is integrated up to 10 s with a BDF-1 method time-step 

size Δ𝑡 = 0.02 s. The geometry, elastic characteristics of the material and 

masses may not be very realistic but have been selected in order to define 

a complex model with visible large flexibility and with an affordable 

computational cost, using a very robust integrator that allows fairly large 

time-step sizes at the cost of significant numerical damping. 

The model has 501 coordinates and a total of 𝑑 = 454 DOFs. Let us 

consider the sensitivity of the position of the point 𝐵2 with respect to 

Fig. 10. Four-panel satellite: geometrical description. a) Perspective from the 

top, undeployed configuration; b) Plant view with the panels fully deployed.

the length of the rigid bar 𝐵1 − 𝐵2, and the definition of two different 

PIMs, SAT1 and SAT2. In both of them, all flexible bodies are initially 

undeformed except diagonal beam 𝐴1 − 𝐵2, which implies the enforce­

ment of additional 𝑚𝑟 = 447 constraints and a total of 𝑑𝑠 = 7 SDOFs 

(𝑥𝐺 , 𝑦𝐺 , 𝑧𝐺 , 𝜓, 𝜃, 𝜑, 𝑥𝐵2): the first six correspond to the rigid-body DOFs 

of the complete satellite (position of the center of mass and orientation), 

and the last one corresponds to the out-of-the-panel-plane distance of 𝐵2
(the complete panel 𝐴1−𝐵1−𝐵2−𝐴1 is initially contained in the 𝑥 = 0
plane in the initial nominal undeployed configuration). What is more, 

let us assume that these 7 coordinates occupy the last positions in the 

global coordinate vector 𝒒. Note that in both PIMs the diagonal 𝐴1−𝐵2
is initially deformed (therefore, pre-stressed):

SAT1. In this PIM, the initial sensitivities of the position of the cen­

ter of mass and orientation of the satellite rigid body are set to 

null. What is more, B2 is contained in the panel plane, so its initial 

sensitivity is null.

𝒛(𝒒)T =
(

𝑥𝐺 , 𝑦𝐺 , 𝑧𝐺 , 𝜓 , 𝜃 , 𝜑 , 𝑥𝐵2
)

𝒛𝒒0 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 … 1 0 0 0 0 0 0
0 … 0 1 0 0 0 0 0
0 … 0 0 1 0 0 0 0
0 … 0 0 0 1 0 0 0
0 … 0 0 0 0 1 0 0
0 … 0 0 0 0 0 1 0
0 … 0 0 0 0 0 0 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, 𝒛𝜌0 =

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

0
…
0
0
0
0
0
0
0

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

(18)

SAT2. Similar to SAT1, but here B2 is out of the panel and the initial 

sensitivity of its 𝑥−coordinate is 4. Matrices defined for SAT1 apply 

to this case too except 𝒛𝜌0 : 

𝒛T
𝜌0

= (0 , … , 0 , 0 , 0 , 0 , 0 , 0 , 4) (19)

Table 1 

Five-bar mechanism. Summary of the test cases.

Case Type 𝑑 (DOFs) aram. PIM 𝑚𝑟 𝑑𝑠 = 𝑑 − 𝑚𝑟 (SDOFs)

R1 Rigid 2 𝐿𝐴1 Points 2 and 3 maintain their positions 0 2
R2 Rigid 2 𝐿𝐴1 Point 3 maintains its position and 1 is horizontally displaced 0 2
R3 Rigid 2 𝐿𝐴1 Point 3 maintains its position and point 1 is vertically displaced 0 2
F1 Flex. 5 𝐿𝐴1 Bar 1–2 and both springs undeformed 5 0
F2 Flex. 5 𝐿𝐴1 Bar 1–2 undeformed. Position of point 3 and angle 𝛼 of bar A-1 respect to 

the horizontal are mantained

3 2

F3 Flex. 5 𝐿𝐴1 Bar 1–2 and spring B-2 undeformed. Point 1 is vertically displaced. 4 1
F4 Flex. 5 𝐿𝐵1 Bar 1–2 and both springs undeformed 5 0
F5 Flex. 5 𝐿𝐵1 Bar 1–2 and spring B-2 undeformed. Point 1 maintains its position 4 1
F6 Flex. 5 𝐿𝐵1 Bar 1–2 and spring B-1 undeformed. Angle 𝛼 of bar 2–3 respect to the 

horizontal is maintained

4 1
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Table 2 

Four-panel satellite, definition of geometry, elastic properties and masses.

Body General dimensions Cross section Mass Material*

1 rigid body (satellite) 2 × 2 × 2 m – 100 kg –

4 torsional springs Radius: 1 m Type: circular, solid Area: 0.01 m2 – M1

8 panel beams Length: 10 m Type: circular, solid Area: 0.01 m2 – M2

4 rigid bars Length: 2 m – 0.1 kg –

4 diagonal beams Length: 10.198 m Type: circular, solid Area: 10−5 m2 – M2

*
 𝐸 = 1 GPa, 𝜈 = 0.3. Density of M1: 1 kgm−3. Density of M2: 100 kgm−3

Fig. 11. Deployment manuver in a four-panel satellite: snapshots of the nominal movement.

Fig. 12. Sensitivity of the 𝑥− coordinate of point 𝐵2 with respect to the length 

of the rigid bar 𝐵1 − 𝐵2.

Fig. 12 shows the evolution of the sensitivity of the 𝑥−coordinate of point 

𝐵2 with respect to the length of the rigid bar 𝐵1 − 𝐵2 for both PIMs. It 

is observed that, despite the different initial values, both curves tend 

to converge, due to the large numerical dissipation introduced by the 

integrator. This effect was far less visible in the five-bar example where 

the trapezoidal rule was employed, which is second-order accurate and 

introduces small numerical dissipation (in fact, exactly null for linear 

problems).

4 . A formulation for including initially-rigid flexible bodies

This section contains a detailed formulation of the additional con­

straints 𝚲(𝒒), introduced in the previous section, that are necessary to 

add when the associated PIM contains undeformed flexible bodies. It is 

assumed that they are already discretized by some means, such as the 

Finite Element Method with isoparametric elements, resulting in nodes 

Fig. 13. a) 1D body; b) 2D body; c) 3D body.

whose coordinates are global Cartesian. Analogous formulations could 

be elaborated for other types of coordinates (e.g., natural, ANCF, etc.) 

but this is out of the scope of this paper.

4.1 . One-dimensional body (embedded in a 3D space) (Fig. 13(a))

We first select two points 𝐴,𝐵 (that may not be the end points of the 

body) to define the non-unit vector 𝒆 = 𝒓𝐵 − 𝒓𝐴 = 𝒓𝐴𝐵 . The total number 

of (Cartesian) coordinates of the 2+𝑛𝑝 points, with 𝑛𝑝 ≥ 0, is 𝑛 = 3(2+𝑛𝑝), 
grouped in vector 𝒒 = (𝒓𝐴, 𝒓𝐵 , 𝒓1,… , 𝒓𝑛𝑝 )

T ∈ ℝ𝑛. On the other hand, the 

number of constraints is 𝑚 = 1 + 3𝑛𝑝, namely:

• 1 constant distance scalar constraint between 𝐴 and 𝐵: 

Λ0 = 𝒆2 − 𝐿2
𝐴𝐵 (20)

• 3𝑛𝑝 scalar constraints enforcing that each point 𝑖 is aligned with 𝒆:

𝒓𝐴𝑖 = 𝑐𝑖𝒆 → 𝚲𝑖 = 𝑪 𝑖𝒒 , 𝑖 = 1, .., 𝑛𝑝
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with 𝑪 𝑖 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

(𝑐𝑖 − 1)𝟏 , −𝑐𝑖𝟏 , 𝟎 , … , 𝟎 , 𝟏
↑
𝑖

, 𝟎 , … , 𝟎

⎞

⎟

⎟

⎟

⎟

⎟

⎠3×𝑛

and 𝑐𝑖 =
𝒓𝐴𝑖 ⋅ 𝒆
𝐿2
𝐴𝐵

, (21)

𝟎 and 𝟏 being the null and unit 3 × 3 matrices respectively. Thus, the 

number of DOFs is 𝑑 = 𝑛 − 𝑚 = 5. A 2-node rigid bar is just the special 

case for 𝑛𝑝 = 0.

4.2 . Two-dimensional body (embedded in a 3D space) (Fig. 13(b))

We select 3 three non-aligned nodes 𝐴,𝐵, 𝐶 first, which define, in 

general, the non-orthonormal base 𝒆1 = 𝒓𝐵−𝒓𝐴, 𝒆2 = 𝒓𝐶−𝒓𝐴. The cloud of 

(3+𝑛𝑝) points, with 𝑛𝑝 ≥ 0, belonging to the discretized body has a total of 

𝑛 = 3(3+𝑛𝑝) coordinates, grouped in vector 𝒒 = (𝒓𝐴, 𝒓𝐵 , 𝒓𝐶 , 𝒓1,… , 𝒓𝑛𝑝 )
T ∈

ℝ𝑛.
On the other hand, the number of constraints is 𝑚 = 3+3𝑛𝑝, namely:

• 3 constant distance scalar constraints among points 𝐴,𝐵 and 𝐶: 

𝚲0 =
(

𝒆21 − 𝐿
2
𝐴𝐵 , 𝒆

2
2 − 𝐿

2
𝐴𝐶 , (𝒆2 − 𝒆1)2 − 𝐿2

𝐵𝐶
)T

(22)

• 3𝑛𝑝 scalar constraints enforcing that any other point 𝑖 is in the plane 

defined by 𝒆1 and 𝒆2: 

𝒓𝐴𝑖 = 𝑐𝑖1𝒆1 + 𝑐𝑖2𝒆2 → 𝚲𝑖 = 𝑪 𝑖𝒒 for 𝑖 = 1, .., 𝑛𝑝 (23)

Thus, the number of DOFs is 𝑑 = 𝑛−𝑚 = 6. The computation of each 3×𝑁
matrix 𝑪 𝑖 requires the previous calculation of 𝑛𝑝 vectors 𝒄𝑖 = (𝑐𝑖1 , 𝑐𝑖2 )

T

with the expressions: 

𝑮𝒄𝑖 = 𝒃𝑖, with 𝑮 =
(

𝒆21 𝒆1 ⋅ 𝒆2
symm 𝒆22

)

and 𝒃𝑖 =
{

𝒓𝐴𝑖 ⋅ 𝒆1
𝒓𝐴𝑖 ⋅ 𝒆2

}

(24)

where metric matrix 𝑮 only needs to be computed once for all for the 

body. With vectors 𝒄𝑖, final matrices 𝑪 𝑖 take the form: 

𝑪 𝑖 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

(𝑐𝑖1 + 𝑐𝑖2 − 1)𝟏 , −𝑐𝑖1𝟏 , −𝑐𝑖2𝟏 , 𝟎 , … , 𝟎 , 𝟏
↑
𝑖

, 𝟎 , … , 𝟎

⎞

⎟

⎟

⎟

⎟

⎟

⎠3×𝑛

(25)

4.3 . Three-dimensional body (Fig. 13(c))

The procedure begins by selecting 4 points 𝐴,𝐵, 𝐶,𝐷 non-coplanar 

and non-aligned in groups of three, that define a general non-

orthonormal basis 𝒆1 = 𝒓𝐵 − 𝒓𝐴, 𝒆2 = 𝒓𝐶 − 𝒓𝐴, 𝒆3 = 𝒓𝐷 − 𝒓𝐴. The cloud 

of (4 + 𝑛𝑝) points, with 𝑛𝑝 ≥ 0, has a total of 𝑛 = 3(4 + 𝑛𝑝) coordinates 

grouped in vector 𝒒 = (𝒓𝐴, 𝒓𝐵 , 𝒓𝐶 , 𝒓𝐷, 𝒓1,… , 𝒓𝑛𝑝 )
T ∈ ℝ𝑛.

On the other hand, there are 𝑚 = 6 + 3𝑛𝑝 constraints, namely:

• 6 constant distance scalar constraints among 𝐴,𝐵, 𝐶 and 𝐷:

𝚲0 =
(

𝒆21 − 𝐿
2
𝐴𝐵 , 𝒆

2
2 − 𝐿

2
𝐴𝐶 , 𝒆

2
3 − 𝐿

2
𝐴𝐷 ,

(𝒆2 − 𝒆1)2 − 𝐿2
𝐵𝐶 , (𝒆3 − 𝒆1)2 − 𝐿2

𝐵𝐷 , (𝒆3 − 𝒆2)2 − 𝐿2
𝐶𝐷

)T
(26)

• 3𝑛𝑝 scalar constraints enforcing that any other point 𝑖 lies in the 

plane defined by 𝒆1, 𝒆2 and 𝒆3: 

𝒓𝐴𝑖 = 𝑐𝑖1𝒆1 + 𝑐𝑖2𝒆2 + 𝑐𝑖3𝒆3 → 𝚲𝑖 = 𝑪 𝑖𝒒 for 𝑖 = 1, .., 𝑛𝑝 (27)

Thus, the number of degrees of freedom is 𝑑 = 𝑛−𝑚 = 6. Similarly to the 

two-dimensional body, the computation of each 3×𝑛 matrix 𝑪 𝑖 requires 

the previous calculation of 𝑛𝑝 vectors 𝒄𝑖 = (𝑐𝑖1 , 𝑐𝑖2 , 𝑐𝑖3 )
T with:

𝑮𝒄𝑖 = 𝒃𝑖 , with 𝑮 =
⎛

⎜

⎜

⎝

𝒆21 𝒆1 ⋅ 𝒆2 𝒆1 ⋅ 𝒆3
symm 𝒆22 𝒆2 ⋅ 𝒆3
symm symm 𝒆23

⎞

⎟

⎟

⎠

and (28)

𝒃𝑖 =
⎧

⎪

⎨

⎪

⎩

𝒓𝐴𝑖 ⋅ 𝒆1
𝒓𝐴𝑖 ⋅ 𝒆2
𝒓𝐴𝑖 ⋅ 𝒆3

⎫

⎪

⎬

⎪

⎭

,

leading to the following final expression for 𝑪 𝑖: 

𝑪 𝑖=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

(𝑐𝑖1 + 𝑐𝑖2 + 𝑐𝑖3 − 1)𝟏, −𝑐𝑖1𝟏, −𝑐𝑖2𝟏, −𝑐𝑖3𝟏, 𝟎, … , 𝟎, 𝟏
↑
𝑖

, 𝟎, … , 𝟎

⎞

⎟

⎟

⎟

⎟

⎟

⎠3×𝑛

(29)

Remark 4.1. The proposed procedure defines constraints that are at 

most quadratic, which are very convenient from the implementation 

point of view.

5 . Conclusions

Sensitivity analysis is a fundamental enabler for efficient gradient-

based design optimization of flexible multibody systems. While com­

prehensive frameworks exist for computing sensitivities of the dynamic 

response using methods like DDM and AVM, a critical but often over­

looked aspect is the computation of initial sensitivities, which are the 

derivatives of the initial state (positions and velocities) with respect to 

the design parameters.

The literature frequently treats the computation of these initial sen­

sitivities as a mere implementation detail, lacking detailed explanation. 

This can pose a significant challenge in practice, as accurately determin­

ing these values is crucial for initiating the time integration of sensitivity 

equations and ensuring the correctness of the computed gradients for 

optimization.

This paper underscores and illustrates the importance of this specific 

problem in FMBS sensitivity analysis. In addition, a systematic analysis 

for computation of initial sensitivities in flexible systems is developed, 

with the aim of bridging the literature gap and providing a more stream­

lined approach to this crucial step. A small but representative example 

has been thoughtfully studied illustrating the significant impact that it 

has on the evolution of the sensitivities over time and, in all probability, 

on the overall optimization process.
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Appendix A 

A.1 . Detailed calculation of initial position sensitivities for R1

The constraints 𝚽(𝒒) ∈ ℝ4, enforcing the constant-distance between 

points A-1, 1-2, 2–3 and 3-B, and the definition 𝒛(𝒒) of the SDOFs are: 

𝚽(𝒒) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑥21 + 𝑧
2
1 − 𝐿

2
𝐴1

(𝑥2 − 𝑥1)
2 + (𝑧2 − 𝑧1)

2 − 𝐿2
12

(𝑥3 − 𝑥2)
2 + (𝑧3 − 𝑧2)

2 − 𝐿2
23

(𝑥3 − 1)2 + (𝑧2)
2 − 𝐿2

3𝐵

⎫

⎪

⎪

⎬

⎪

⎪

⎭

, 𝒛(𝒒) =
{

𝑧2
𝑥3

}

(A.1)

With vector 𝒛𝜌0  given by (11), the system of equations (8) is in this case, for 𝜌 = 𝐿𝐴1:

(

𝚽𝒒0
𝒛𝒒0

)

𝒒𝜌0 =
{

−𝚽𝜌0
𝒛𝜌0

}

(A.2)

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

2𝑥10 2𝑧10 0 0 0 0
−2(𝑥20 − 𝑥10 ) −2(𝑧20 − 𝑧10 ) 2(𝑥20 − 𝑥10 ) 2(𝑧20 − 𝑧10 ) 0 0

0 0 −2(𝑥30 − 𝑥20 ) −2(𝑧30 − 𝑧20 ) 2(𝑥30 − 𝑥20 ) 2(𝑧30 − 𝑧20 )
0 0 0 0 2(𝑥30 − 1) 2𝑧30
0 0 0 1 0 0
0 0 0 0 1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

𝒒𝜌0 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

2𝐿𝐴1
0
0
0
0
0

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

(A.3)

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−2 −2 0 0 0 0
−3 2 3 −2 0 0
0 0 −3 −2 3 2
0 0 0 0 2 −2
0 0 0 1 0 0
0 0 0 0 1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

𝒒𝜌0 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

2
√

2
0
0
0
0
0

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

→ 𝒒𝜌0 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

−0.5657
−0.8485

0
0
0
0

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

(A.4)

A.2 . Detailed calculation of initial position sensitivities for F1

Original constraints 𝚽(𝒒) ∈ ℝ3 (from rigid bars A-1, 2–3 and 3-B) and additional constraints 𝚲(𝒒) ∈ ℝ5 (3 from rigidized beam 1-4-2 and two from 

rigidized springs B-1 and B-2) are:

𝚽(𝒒) =
⎧

⎪

⎨

⎪

⎩

𝑥21 + 𝑧
2
1 − 𝐿

2
𝐴1

(𝑥3 − 𝑥2)
2 + (𝑧3 − 𝑧2)

2 − 𝐿2
23

(𝑥3 − 1)2 + (𝑧2)
2 − 𝐿2

3𝐵

⎫

⎪

⎬

⎪

⎭

, 𝚲(𝒒) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(𝑥2 − 𝑥1)
2 + (𝑧2 − 𝑧1)

2 − 𝐿2
12

− 𝑥1
2 − 𝑥2

2 + 𝑥4
− 𝑧1

2 − 𝑧2
2 + 𝑧4

(𝑥1 − 1)2 + 𝑧21 − 𝐿
2
𝐵1

(𝑥2 − 1)2 + 𝑧22 − 𝐿
2
𝐵2

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(A.5)

Since 𝑑𝑠 = 0, 𝒛(𝒒), 𝒛𝒒0 , 𝒛𝜌0  and 𝒛̇𝜌0  do not appear in the formulation and the system of Eq. (8) results:

(

𝚽𝒒0
𝚲𝒒0

)

𝒒𝜌0 =
{

−𝚽𝜌0
−𝚲𝜌0

}

(A.6)
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⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

2𝑥10 2𝑧10 0 0 0 0 0 0
0 0 −2(𝑥30 − 𝑥20 ) −2(𝑧30 − 𝑧20 ) 2(𝑥30 − 𝑥20 ) 2(𝑧30 − 𝑧20 ) 0 0
0 0 0 0 2(𝑥30 − 1) 2𝑧30 0 0

−2(𝑥20 − 𝑥10 ) −2(𝑧20 − 𝑧10 ) 2(𝑥20 − 𝑥10 ) 2(𝑧20 − 𝑧10 ) 0 0 0 0
− 1

2 0 − 1
2 0 0 0 1 0

0 − 1
2 0 − 1

2 0 0 0 1
2(𝑥10 − 1) 2𝑧10 0 0 0 0 0 0

0 0 2(𝑥20 − 1) 2𝑧20 0 0 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

𝒒𝜌0 =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

2𝐿𝐴1
0
0
0
0
0
0
0

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(A.7)

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝
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Data availability

Data will be made available on request.
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